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What if w(z) ≈ −1?

Many models other than Λ give w ≈ −1

V(φ)

minimum of V (φ)

V(φ)

slow roll

V(φ)

flat potential

What sorts of models are consistent with observations?

How can these models be distinguished using the data?

One class of models: modified gravity and scalar dark energy

Amol Upadhye Tests of Modified Gravity
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Modified gravity and scalar fields

Since our universe looks 4-dimensional (at least since BBN), there
must be an effective 4-D description of modified gravity. The
simplest models reduce to 4-D matter-coupled scalar field theories.

Modified gravity

f (R) gravity:
action S =∫ d4x

√−g
16πGN

f (R)

DGP, etc.:
non-compact
extra dimension

Kaluza-Klein,
etc.: compact
extra dimension

Effective scalar

Conformal
transformation
⇒ chameleon

Decoupling limit
(weak gravity)
⇒ Galileon

Small extra
dimension limit
⇒ radion

New physics

matter coupling,
self-interaction
V (φ)

matter coupling,
non-canonical
kinetic term

matter coupling,
photon (gauge
field) coupling
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Effects of modified gravity

These new scalars can lead to:

fifth forces between masses;

equivalence principle violations;

variations in fundamental constants;

new particles.

Since gravity looks like General Relativity locally, fifth forces must
be screened.

chameleon screening: large effective mass locally

Vainshtein screening: effectively weak coupling at high density

symmetron mechanism: field decouples at high density as
symmetry is restored

Amol Upadhye Tests of Modified Gravity
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Chameleon mechanism

Vint = βmat ρmat φ / MPl

V(φ)
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Chameleon mechanism

φmin(ρlow)

(meff
2  = V’’ is small)

V(φ)
Veff(φ,ρlow)
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Chameleon mechanism

φmin(ρlow)

(meff
2  = V’’ is small)

φmin(ρhigh)

(meff
2  is large)

V(φ)
Veff(φ,ρlow)

Veff(φ,ρhigh)
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Thin-shell screening

Chameleon field equation of motion: �φ = V ′(φ)− βm

MPl
Tµ
µ

Linear regime: V ′ negligible

Static: ∇2φ = − βm

MPl
Tµ
µ

Nonrelativistic: Tµ
µ ≈ −ρ

e.o.m. ≈ Poisson equation
∇2Ψ = 4πGρ = 1

2βmMPl
∇2φ

φ = 2βmMPlΨ + constant
(scalar follows the
gravitational potential)

Transition regime: Ψ ∼ χscr

χscr = 1
2βmMPl

∆φ(max)

Nonlinear regime: �φ negligible

Nonrelativistic limit:
V ′(φ) = βm

MPl
ρ

⇒ φ→ φbulk(ρ) (constant)

-1.5
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-0.5

 0

 0.1  1  10  100
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At which scale should we probe each model?

Amol Upadhye Tests of Modified Gravity

V (φ) ∝ φn + const. ⇒ meff ∝ ρ
n−2

2n−2 (use lab for n . −1
2 , n > 2)
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Equations of motion: field and metric

metric: ds2 = −N(r)dt2 + dr2

B(r) + r 2(dθ2 + sin2θ dϕ2)

hydrostatic equilibrium: P ′(r) = − N′
2N (ρ+ P)

equation of state: ρ(r) = constant (1g/cm3)

modified Einstein eq. (trace, tt, rr), fR = df
dR , φ = −MPl

2βm
log fR :[

f ′′R +

(
2

r
+

N ′

2N
+

B ′

2B

)
f ′R

]
B =

dV

dfR
− 8πG

3
(ρ− 3P)

(−1 + B + rB ′)fR
r 2

+

[
f ′′R +

(
2

r
+

B ′

2B

)
f ′R

]
B = −8πGρ+

f − RfR
2

(−1 + B + rBN ′/N)fR
r 2

+

(
2

r
+

N ′

2N

)
f ′RB = 8πGP +

f − RfR
2
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φ(r) in a relativistic star (χscr = 0.1)
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Thin-shell screening in relativistic stars

chameleon screening suppresses growth of φ:
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AU and W. Hu (2009)
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Fifth-force constraints from a torsion pendulum

Eöt-Wash Experiment

http://www.npl.washington.edu/eotwash
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φ4 chameleon field in Eöt-Wash pendulum
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φ4 chameleon field in Eöt-Wash pendulum

AU, S. Gubser, J. Khoury (2006)
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Eöt-Wash constraints

E. Adelberger, et. al. (2007); D. Kapner, et. al. (2007)

V (φ) = λ
4!φ

4

β

λ

βm
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Chameleons with small quantum corrections

Amol Upadhye Tests of Modified Gravity

∆V1−loop(φ) = meff(φ)4

64π2 log
(
meff(φ)2

µ2

)
⇒ meff , φbulk change
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Self-accelerated DGP: Ωm sets expansion and growth
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Combined data exclude self-accelerated DGP

choose Ωm to fit expansion (SNe) ⇒ large CTT
` at low `

ΩK helps fit expansion but makes low-` power larger

suppressing initial large-scale power ruins low-` fit to CEE
`

⇒ self-accelerated DGP ruled out to 4.8σ (w.r.t. ΛCDM)
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f (R) model with V (φ) ∝ φ1/2

f (R) gravity “looks like” dark energy with w ≈ −1
f (R)− R ∝ 1/R + const.⇒ V (φ) ∝ φ1/2 + const. with
χscr > 10−4 has unscreened fifth forces, hence an abundance
of large clusters which is inconsistent with observations.

effective w(z)

0.01

0.01

0.03

0.03

0.1=  Xscr 

0.1=  Xscr 

z

w
ef

f
w

ef
f

2

-0.95
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-1
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-1

-1.05

4 6 8

(b) n=4

(a) n=1

power spectrum 8

with the halo model better reveals the internal consis-
tency of our simulations. The agreement between the
smallest box and the larger boxes with coarser resolu-
tion and smaller particle number is ! 20% in case of the
128Mpc/h boxes, and ! 40% for the 256Mpc/h boxes. In
the following, we show results from the 128Mpc/h boxes
for the largest mass halos, in order to increase halo statis-
tics, and from the 64 Mpc/h boxes for all other masses.

Fig. 8, top panel, shows the stacked halo profiles for
three mass bins, for ΛCDM and full f(R) simulations
with |fR0| = 10−4. The lower panel of Fig. 8 shows the
relative deviation between ΛCDM and f(R) halo pro-
files. When scaled to the same overdensity radius, halos
in ΛCDM and f(R) apparently have very similar profiles,
especially in the inner part of the halo. Although a pre-
cise measurement of the NFW scale radius is not possible
with our limited resolution, it is apparent that there are
no dramatic effects of modified gravity on the halo con-
centration c300 ≡ r300/rs. Moreover the deviations are
consistent with zero well within r300. The same holds for
the no-chameleon f(R) simulations.

For the intermediate and larger halo masses, there is
an enhancement of the halo profile at r/r300 ∼ few, i.e.
in the transition region between one-halo and two-halo
contributions. The smallness of the enhancement of ξhm

can be explained by a partial cancellation between the
increased linear power spectrum and reduced linear bias
in f(R) (§ B and § III B). However, a quantitative un-
derstanding of the behavior of the halo-mass correlation
at these radii is not possible with the simple halo model
adopted here, as it fails in the transition region between
one and two-halo terms (see Fig. 7). In the small field
simulations, the deviations in the halo profiles are too
small to be measured with our current suite of simula-
tions.

Given the relative smallness of the modified gravity
effects on halo profiles, the main effect of enhanced forces
in the large field simulations is to change the mass and
hence the abundance and bias of halos.

D. Halo Model Power Spectrum

We can now put the halo properties together and dis-
cuss statistics that can be interpreted under the halo
model paradigm outlined in §B. The matter power spec-
trum Pmm is especially interesting in that the enhance-
ment in the large field f(R) simulations found in [12] was
not well described by standard linear to nonlinear scal-
ing relations [22]. Without an adequate description of
the large field limit, robust upper limits on |fR|, which
should be available from current observations, are diffi-
cult to obtain.

The halo model provides a somewhat more physically
motivated scaling relation between the linear and non-
linear power spectra [23]. Specifically we use the same
range of ST predictions for the mass function and linear
bias discussed in the previous sections in Eq. (B8). In ad-

FIG. 9: Power spectrum enhancement relative to ΛCDM for full
and no-chameleon simulation and different fR0 field strengths. The
shaded band shows the predictions from the halo model using pa-
rameters derived from spherical collapse (see text).

dition, we vary the concentration parameter of the halos,
using either an unmodified cv(Mv) relation [Eq. (B6)], or
an unmodified c300(M300) ≡ r300/rs. The latter relation
is motivated by our finding that the inner parts of halo
profiles are unmodified in f(R) when referred to the same
overdensity radius (§ III C). Converting c300 to the virial
concentration, we obtain a ∼10% higher cv, which in-
creases the power spectrum enhancement at k " 1h/Mpc
through the 1-halo term [Eq. (B8)].

The range of halo model predictions is shown in Fig. 9
for different values of fR0, together with the simulation
results from [12]. The upper boundary of each shaded
band corresponds to unmodified spherical collapse pa-
rameters and unchanged c300, while the lower boundary
is using the modified spherical collapse parameters, as-
suming enhanced forces throughout in the f(R) predic-
tion, and unchanged cv.

The halo model provides a reasonable approximation
to the relative deviations in the large field limit out to
the k ∼ 1 − 3 h/Mpc scales that can be resolved by the
simulations. The modified collapse provide a somewhat
better and more conservative approximation for the pur-
poses of establishing upper limits for |fR0| " 10−4.

The halo model still fails to capture the chameleon sup-
pression in the small field limit. Its failure is apparent
even at |fR0| = 10−5 for 0.1 ! k(h/Mpc) ! 1 and is rel-
atively larger than the error in the mass function, linear
bias and halo profiles themselves. This range also corre-
sponds to the regime where the one halo and two halo
terms are comparable, i.e. where our simple prescription

cluster counts 4

FIG. 1: The halo mass function as a function of M300 measured
in ΛCDM simulations with bootstrap errors on the mean. The
upper panel combines different box sizes from 64 to 400Mpc/h and
compares results with the Sheth-Tormen prediction rescaled from
Mv to M300 as described in the text. The lower panel shows the
relative deviations from this prediction separately for different box
sizes.

III. RESULTS

In this section we present the results obtained from
N-body simulations of the f(R) models for the halo
mass function (§III A), halo bias (§III B), density profiles
(§III C) and matter power spectrum (§III D). In all cases,
we compare the simulation results with predictions using
scaling relations based on spherical collapse calculations,
the Press-Schechter prescription and findings from simu-
lations of ΛCDM. These calculations are detailed in the
Appendices.

Since spherical collapse predictions depend on the
gravitational force modification, we give a range of pre-
dictions in each case. The extremes are given by collapse
with standard gravity and with enhanced forces through-
out. The former follows the ΛCDM expectation of a lin-
ear density extrapolated to collapse of δc = 1.673 and a
virial overdensity of ∆v = 390; the latter modifies these
parameters to δc = 1.692 and ∆v = 309 as detailed in
Appendix A.

Neither assumption for the nonlinear collapse is com-
pletely valid given the evolving Compton wavelength and
the chameleon mechanism. Moreover, the evolution of
linear density perturbations used as the reference for the
scaling relations in Eqs. (B1), (B4), (B8), and (B10) as-
sumes in both cases the full linear growth of the f(R)

FIG. 2: Relative deviations of the f(R) halo mass functions from
ΛCDM, with |fR0| = 10−4 (top panel), 10−5 (middle panel), and
10−6 (lower panel). In each case, blue squares denote the full
simulations, while red triangles (displaced horizontally for visibil-
ity) denote the no chameleon simulations. The shaded band shows
the range of enhancement expected from spherical collapse rescaled
from Mv to M300.

model through σ(M), including the effects of the evolving
background Compton wavelength but not the chameleon
mechanism. Thus unmodified spherical collapse parame-
ters do not equate to unmodified spherical collapse pre-
dictions.

A. Mass Function

In Fig. 1, we show the halo mass function measured
from our suite of ΛCDM simulations along with the boot-
strap errors described in §II C. For reference, we compare
the simulations to the Sheth-Tormen (ST) mass function
of Eq. (B1). The ST formula gives the mass function in
terms of the virial mass and we rescale it to M300 as-
suming an NFW profile (see Appendix B). Our ΛCDM
simulations are consistent with the 10-20% level of accu-
racy expected of the ST formula and internally between
boxes of differing resolution.

Next, we compare the f(R) and ΛCDM simulations.
Our measurement of the halo mass function itself is lim-
ited by statistics and to a lesser extent, resolution (see
Fig. 1). However, we can reduce the impact of both ef-
fects by considering the relative difference between the
halo mass functions measured in f(R) and ΛCDM simu-
lations with the same initial conditions and resolution.

(Hu Sawicki 2007; Schmidt Lima Oyaizu Hu 2009; Schmidt Vikhlinin Hu 2009)
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Photons coupled to chameleon dark energy

Equations of motion (βφ� MPl):

∂µ

(
βγφ
MPl

Fµν
)

= 0

�φ = −V ′(φ)− βm
MPl

ρmat − βγ
4MPl

FµνFµν

Plane wave perturbations about background φ0 and ~B0 = B0x̂
(Raffelt and Stodolsky 1988; AU, Steffen, and Weltman 2010):(

− ∂2

∂t2 − ~k2
)
ψφ = m2

effψφ +
βγkB0

MPl
x̂ · ~ψγ(

− ∂2

∂t2 − ~k2
)
~ψγ = ω2

P
~ψγ +

βγkB0

MPl
k̂ × (x̂ × k̂)ψφ

φ→ γ oscillation in relativistic case:

Pγ↔φ = ~ψ∗γ · ~ψγ =
4k2β2

γB
2
0

(∆m2)2M2
Pl

sin2
(

∆m2L
4k

) ∣∣∣k̂ × (x̂ × k̂)
∣∣∣2

low-mass, ~k ⊥ ~B0: Pγ↔φ ≈ β2
γB

2
0L

2

4M2
Pl
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Window as a quantum measurement device

 0  5  10  15  20
x [meff

-1]

density ρ
background φ0
φ0 + δφ
photon
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A simple afterglow experiment

(a) Production phase: photons streamed through ~B0 region; some
oscillate into chameleons

(b) Afterglow phase: chameleons slowly oscillate back into
photons, escaping chamber
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GammeV-CHASE apparatus

1 Multiple magnetic field runs

2 Partitioning of magnetic field region

3 Modulation of detector

4 Vacuum maintained by ion pump
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Expected afterglow signal
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Constraints on dark energy

Amol Upadhye Tests of Modified Gravity
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(J. Steffen, AU, et. al, 2010; AU, J. Steffen, A. Chou 2012)
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Conclusions

Many models “look like” Λ in that w(z) ≈ −1;

f (R) modified gravity (chameleon);

DGP/cascading brane world models (Galileon);

compact extra dimensions (radion).

Modifications to gravity lead to 5th forces testable at many scales:

laboratory: torsion pendulum experiments (Eöt-Wash);

stellar systems: Kepler’s law, relativistic stars;

cosmology: expansion H(z) vs. growth G (z).

Modified gravity models reduce to 4-D scalar theories coupled to
matter, and, possibly, to gauge fields.

production and detection through scalar-photon oscillation
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The End.
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