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CMB Science- Secondary Anisotropies

• Secondary Anisotropies => late  
universe, small scale 
phoenomena

• Sunyaev-Zeldovich Effect

        ---Thermal SZ

        --- kinetic SZ

• CMB Lensing

• point sources

          ---radio (AGN), dusty high-z        
star forming galaxy

          ---Poisson , clustered 
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Secondary Anisotropies-Sunyaev-Zeldovich Effect

• 1-2 % CMB photons passing through galaxy clusters get inverse Compton 
scattered to higher energy 

• Surface Brightness is independent of redshift
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SZ spectrum studies
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Fig. 3.— The six auto- and cross-spectra measured with the 3-frequency SPT data. Overplotted on the bandpowers is the best-fit model
for the fiducial set of model parameters. The bandpowers have not been corrected by the best-fit calibration or beam uncertainties in the
MCMC chains; for reference, the best-fit temperature calibration factors at 95, 150, and 220GHz are 0.999, 0.997, and 1.003 respectively.
In addition to the complete model (black lines), each individual model component is shown. The tSZ effect is marked with the blue solid
line. The best-fit kSZ power is near-zero and off-scale. The Poisson power from DSFGs and radio galaxies are shown by solid orange
and green lines respectively. The clustered component to the DSFGs is shown with a orange dot-dash line.

CSF simulation predicts 1.6 µK2. The scaling of these
models with cosmological parameters is given approxi-
mately by
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Note that, for both models, we assume that reioniza-
tion occurs instantaneously at zend = 8. Both models
also assume that Helium remains neutral; if Helium is
singly ionized at the same time as hydrogen, the pre-
dicted power would increase by 16%.

5.3.2. Kinetic Sunyaev-Zel’dovich Anisotropy from Patchy
Reionization Scenarios

For the patchy kSZ signal, we adopt the model pre-
sented by Z11 and briefly summarized here. This model
starts from a matter simulation. For every position, the
linear matter over-density is calculated within some ra-
dius. The halo collapse fraction is estimated from this
over-density, and translated into an expected number of
ionizing photons based on the number of collapsed halos
above the atomic cooling threshold mass. The number

of ionizing photons is then compared to the number of
hydrogen atoms within this sphere. If there are sufficient
ionizing photons, the sphere is labeled ionized. If not, a
smaller radius is set and the algorithm repeated until the
resolution of the simulation box is reached. The resulting
ionization field is used in conjunction with the underly-
ing density and velocity fields to compute the patchy kSZ
power spectrum.
As discussed in Z11, the detailed reionization history

used for the kSZ template is unimportant, since the tem-
plate shape is robust to the duration and the mean red-
shift of reionization. The amplitude of the patchy kSZ
signal is nearly proportional to the duration of reion-
ization (with a mild redshift dependence), making it an
excellent probe of reionization. The kSZ effect is comple-
mentary to the large scale CMB polarization anisotropy
(the reionization bump) that provides a constraint on
the global timing of reionization, and to QSO and Lyα
emitter observations that study the very end of reioniza-
tion. For the fiducial model template provided by Z11
and used in this work, reionization begins at z = 11 and
concludes at z = 8.

5.4. Cosmic Infrared Background

The CIB is produced by thermal emission from DSFGs
over a very broad range in redshift (Lagache et al. 2005;

Reichardt et al , SPT team

Theory uncertainty

Theory uncertainty is the limiting factor!
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Pressure Profile: Theoretical Model

•  gas reside on dark matter halos in hydrostatic equilibrium

•  pressure and gas density are related via a power law

• fraction of gas turns to stars

• fraction of star energy goes back to intra-cluster medium via 
feedback processes.

• non-thermal pressure due to gas motion:

4 Bhattacharya et al.

3. ICM MODEL

We use a physically motivated analytical model for the
ICM to predict the pressure profile. This includes the
key physical processes that affects the ICM properties,
for example feedback from Active Galactic Nuclei (AGN)
and supernovae (SN), star formation, nonthermal pres-
sure support etc. (see (Shaw et al. 2010) for details of the
ICM model). The model for ICM used in this study is ex-
plained in detail in Shaw et al. (2010) (see also (Ostriker
et al. 2005; Bode et al. 2009)). Here we briefly describe
the key features of the model: We start by assuming that
all halos are described by Navarro-Frenk-White (NFW)
profile and use the concentration-mass relation at virial
radius given in Duffy et al. (2008). namely,

c(M, z) = 7.85Ac

(

Mvir

2× 1012
h−1M"

)−0.081

(1 + z)−0.71

(14)
where Ac is the normalization factor, with the ficucial
value Ac = 1. The gas particles are distributed as tracers
of dark matter distribution and have negligible mass. We
further assume that the initial distribution of the gas
obeys the equation of hydrostatic equilibrium

dPtot(r)

dr
= −ρg(r)

dΦ(r)

dr
(15)

where ρg(r) is the gas density at radius r from the cluster
center, Ptot(r) is the total gas pressure (Pth(r) (thermal)
+ Pnt(r) (non-thermal)) and φ(r) is the potential of the
cluster. The gas distribution follows a polytropic equa-
tion of state i.e., the pressure (Ptot) and density (ρg) of
the gas is related as Ptot = P0(ρg/ρ0)Γ, P0 and ρ0 are
central gas pressure and density respectively. We then
allow converting a certain fraction of the gas particles
to stars and allowing other dynamical processes, thereby
allowing the rearrangement of gas within the dark met-
ter halos. The star fraction is given by the empirical
relation obtained from the observations of X-ray selected
groups and clusters (Giodini et al. 2009) extrapolated
out to Rvir . The redshift evolution of the star fraction is
assumed to follow the “fossil” model of Nagamine et al.
(2006). We further allow some of the stellar energy to
convert to feedback energy given by εfM∗c2 (for e.g. due
to feedback from SNIa/AGN) that further increases the
temperature of the ICM. We allow the nonthermal pres-
sure support and its variation with radius. This can arise,
for example, due to turbulence in the medium or due to
bulk motion of the gas particles. We assume the nonther-
mal pressure to be a certain fraction of the total pressure
and a power law in radius,

Pnt

Ptot
(z) = α(z) (r/R500)

nnt (16)

where α(z) = α0f(z), α0 is the ratio of non-thermal to
total pressure at R500, f(z) = min[(1+ z)β, (4−nnt/α0−
1) tanh(βz)+1], nnt = 0.8 is the radial dependence of the
non-thermal pressure support and β is the z-dependence
od the non-thermal pressure. Our model includes the
transfer of energy from dark matter to gas which can
happen during major mergers, εDM |EDM |. We also have
a surface pressure term to stop infalling of the gas at
the virial radius. We solve the equation of hydrostatic

equlibrium with the total pressure support, now account-
ing for all the feedback and dynamical processes for ρ0
and P0. To summarize, our model includes star fraction-
parameters describing the normalization at z = 0 and de-
pendence on mass, the feedback parameter which varies
with mass and redshift the same way star fraction does
and the dark matter to baryons energy transfer. The
NFW halos inside which the gas reside can be described
by 3 parameters describing the concentration-Mass rela-
tion. The polytropic equation of state relating the gas
pressure and density is described by one parameter. Fi-
nally the nonthermal pressure support is described by 3
parameters- the overall normalization of the ratio of the
non-thermal to total pressure at cluster core, radial de-
pendence and z-dependence. As such, our model is phys-
ically motivated parameters describing the ICM proper-
ties of galaxy clusters and groups.
The key observable for the SZ effect is the pressure pro-

file. Recently, Arnaud et al. (2009) have measured the
pressure profiles of 31 massive low redshift (mean z∼0.2,
M500 > 1014h−1M") clusters and have shown that the
mean pressure profile have an universal form with ∼20%
uncertainty. Figure 1 show the pressure profile fit of Ar-
naud et al. (2009) along with the prediction using our
ICM model for a typical cluster of mass 3×1014h−1M"

at z=0. Each of the 5 parameters are varied over a wide
range including some of the extreme cases, for e.g., high
feedback, zero non-thermal pressure etc. showing the
variation of pressure profile. The fiducial values are cho-
sen such that the model prediction agrees within 5% ac-
curacy over the observed range of Arnaud profile, namely
(0.05-1)R500. Arnaud profile at r > R500 is an extrapola-
tion and match with the simulation prediction of (Nagai
et al. 2007). Figure 1 show that εf has a minimal ef-
fect on the pressure profile of massive clusters. This is
in contrast to the galaxy groups in which case owing to
the shallower potential well, εf changes the pressure pro-
files substantially. This is in agreement with the findings
from hydrodynamic simulations including AGN feedback
(Bhattacharya et al. 2008; Puchwein et al. 2008; Teyssier
et al. 2010; McCarthy et al. 2010). Other low-z ICM pa-
rameters like Ac, εDM and α0 varies the pressure profiles
of the cluster. We find that εf < 10−6, εDM = 0.04−0.06,
Ac = 0.8 − 1.1 and α0 = 0.14 = 0.24 for the profiles to
be in agreement with Arnaud pressure profile within the
observed radial range (0.05 − 1)R500 and the 20% un-
certainty. The constraints on εf < 10−6 mainly comes
from the gas fraction-mass relation of Vikhlinin et al.
(2006) and is shown in Shaw et al. (2010). We also find
the entropy-temperature relation predicted by our ICM
model to be in agreement with the data of Pratt et al.
(2010) within the ranges of the ICM parameters.

4. RESULTS

4.1. Distribution of SZ bispectrum signal

We study the distribution of the power over the mass
and redshift range that contributes to the SZ bispec-
trum. Figure 2, left panel shows the distribution of power
over mass and redshift range for the skewness spectrum.
The skewness spectrum gets roughly 5% of the power
from the mass range 2 × 1013 − 2 × 1014h−1M", about
20% from 2 × 1014 − 5 × 1014h−1M", and about 40%
from each of the mass range 2 × 1013 − 2 × 1014h−1M"

Bode & Ostriker 06, ..., Shaw, Nagai, Bhattacharya 
& Lau 2010

Modeling pressure profiles is the key to understand the SZ effect !
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Pressure Profile: Theory vs. Observation

•  we reproduce Arnaud profile 
of massive clusters at low-z -
> low-z gas parameters are 
constrained for massive 
clusters

• don’t have high-z pressure 
profile observations-> high z 
parameters unconstrained

• galaxy groups -> not 
constrained!

4 Bhattacharya et. al.

Fig. 1.— Comparison between the observed ‘universal’ pressure profile of (Arnaud et al. 2010) (blue dashed line, shaded region denotes
20% scatter) and our model predictions at z=0 for a cluster of hydrostatic mass MHSE

500
= 3 × 1014h−1M". In each panel we vary one of

the input model parameters to demonstrate their effect on the pressure profile. The black solid line represent the fiducial values as given
in Table 1. The top-left panel shows the profiles obtained when εf is 10−5 (red dotted line) and εDM varies from 0.2 to 0.0 (green dashed
lines, from top to bottom at 2R500); in the top right panel we vary Ac from 0.8, 0.9, 1.1, 1.2 (red dotted lines, top to bottom at 2R500),
the bottom-left panel shows the variation with α0 from 0.3, 0.24, 0.14, 0.0 (red dotted lines, bottom to top at 2R500) and the bottom-right
panel shows the variation with β at z = 0.5 over {1, 0.5, 0,−1} where self-similar evolution is factored out (red dotted lines, from bottom to
top). Note that the observed result is at < R500, the blue dotted line is an extension of the Arnaud profile based on the simulation result.

the gas mass into stars. We adopt the observed stel-
lar mass fraction for the local X-ray groups and clusters
(Giodini et al. 2009) and assume that the stellar popula-
tions evolve according to the “fossil” model of Nagamine
et al. (2006). Following Ostriker et al. (2005), a fraction
of the rest mass energy of the stars, εfM∗c2, is put back
into the gas due to energy feedback from SNe and AGN,
where εf is a free parameter. The model also accounts
for the transfer of energy from dark matter to gas by dy-
namical heating by infalling substructures, determined
by the product of the total binding energy of the halo
|EDM | and a free parameter εDM . Finally, we take into
account the non-thermal pressure support due to ran-
dom gas motions as seen in hydrodynamical simulations

(e.g., Kay et al. 2004; Rasia et al. 2004; Lau et al. 2009;
Battaglia et al. 2011; Nelson et al. 2011). We assume the
non-thermal pressure to be a certain fraction of the total
pressure and a power law in radius,

Pnt

Ptot
(z) = α(z)

(

r

R500

)nnt

, (16)

where α(z) = α0f(z), α0 is the ratio of non-thermal to
total pressure at R500, the radius at which the spher-
ical overdensity of the cluster is 500 times the critical
density of the universe (enclosing mass M500). f(z) =
min[(1+ z)β , (4−nnt/α0− 1) tanh(βz)+ 1], nnt and β are
the radial and redshift dependence of the non-thermal
pressure support, respectively. We set nnt = 0.8, mo-

feedback halo profiles

non-thermal pressure normalization and z 
evolution
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+other low-z X ray data:
K-T

P-M

• Low redshift groups (Sun et al) 
and cluster (Vikhlinin et al, 
Pratt et al, Arnaud et al) 

• Xray scaling  relations:   
-> Vikhlinin et al , Sun et al 
entropy-temperature  relation                       
-> Pratt et al , Sun et al 
pressure-mass relation                                   
-> Vikhlinin et al , Sun et al gas 
fraction-mass  relation8 Shaw et al.
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Fig. 4.— Comparison between the observed and model MHSE
500

−
fg relation for increasing values of the feedback parameter εf =
10−7, 10−6, 5 × 10−6, and 10−5 (solid lines, from top to bot-
tom). Points with error bars represent individual cluster obser-
vations from Sun et al. (2009) (blue) and Vikhlinin et al. (2009)
(red). The dashed line represents the minimal feedback model
(εf = εDM = 0.0; i.e., star-formation only). The dot-dashed line is
the maximal feedback model with εf = 10−5 and εDM = 0.1. The
horizontal dotted line represents the universal baryon fraction.

Having rescaled the profiles to remove any mass depen-
dence there was found to be little dispersion (approxi-
mately 20%) around the mean profile outside of the core
region, r > 0.2R500. Within 0.2R500, A10 observed a
much larger dispersion in the measured pressure profiles,
with the shape of the profile related to the dynamical
state of the cluster. A10 found there to be a good agree-
ment between the observed profiles and those measured
from the hydrodynamical simulations of Borgani et al.
(2004); Nagai et al. (2007a) and Piffaretti & Valdarnini
(2008). As the observations of A10 extend only out to
R500, the simulation data were used to extend the best-fit
profile out to 4R500.

3.3.1. Impact of Energy Feedback

In the left panel of Figure 5, we compare the electron
pressure profiles for our gas model over a range of val-
ues of εf against the A10 profile. We plot the pressure
profiles scaled as Pe(r)/P500(r/R500)3 to allow a clear
comparison of the profiles in the outer regions, which
contribute significantly to the tSZ power spectrum at
the angular scales of interest. The solid blue line rep-
resents the P09 profile within R500, the radius within
which it was observed. The dashed blue line represents
the region in which the profile was determined from sim-
ulations rather than observations. The shaded region
denotes the 20% dispersion observed by A10 around the
mean profile. We plot Pe(r) for two different masses,
MHSE

500 = 3 × 1014 h−1M" (black dashed lines) and
MHSE

500 = 3 × 1013 h−1M" (red solid), both at z = 0.1.
We note that the A10 profile was measured for clusters
of mass MHSE

500 > 7×1013 h−1M" and so the lower of the
plotted masses represents an extrapolation of the mass
dependence of this profile. As in Figure 4, we plot model
profiles for εf = 10−7, 10−6, 5 × 10−6 and 10−5. α0 is

fixed at the fiducial value (0.18).
For MHSE

500 = 3 × 1014 h−1M" (black dashed lines),
varying the feedback parameter has a very small effect
on the pressure profile, especially within R500. As noted
above, for higher mass clusters the feedback energy is
a small fraction of the total binding energy and there-
fore does not strongly influence the gas density and tem-
perature distribution. This is not the case for lower
mass clusters. For MHSE

500 = 3× 1013 h−1M", increasing
the feedback lowers the overall electron pressure within
2R500, with the effect strongest in the central regions
of the cluster. As demonstrated in Figure 4, increasing
the feedback parameter has the effect of inflating the gas
mass distribution, reducing the gas density within R500
and increasing it at larger radii. Although increasing the
feedback parameter produces a small rise in gas tempera-
ture, this is outweighed by the decrease in the gas density,
thus lowering the overall thermal pressure within R500.
We note that at larger radii (r > 1.2R500), the electron
pressure increases with εf .
For high-mass clusters we find that all values of εf pro-

duce an excellent match to the A10 pressure profile in the
range 0.1 ≤ r/R500 ≤ 2. For M500 = 3× 1013 h−1M", a
significantly lower mass than any of the observed clusters
in the A10 sample, the amplitude of the pressure profile
is consistently below that of the A10 profile within R500,
but above at larger radii.

3.3.2. Impact of Non-thermal Pressure Support

In the right panel of Figure 5, we show the depen-
dence of the gas model pressure profile on the non-
thermal pressure support parameter α0. We vary α0 in
range 0 ≤ α0 ≤ 0.30 in steps of 0.06 (from top to bot-
tom at R500). As in the upper panel, the two sets of
curves represent clusters of mass MHSE

500 = 3 × 1013 and
3 × 1014 h−1M", respectively. The feedback parameter
is fixed at 10−6, which we henceforth take as our fiducial
value.
As the fraction of non-thermal pressure support is in-

creased, the profiles become steeper, significantly reduc-
ing the thermal pressure in the outer regions. This
is entirely expected from Equation 18. For MHSE

500 =
3×1014 h−1M", setting α0 = 0.18 produces a good fit to
the A10 profile all the way out to 3R500. In general, all
the values of α0 explored produce a pressure profile that,
for r < R500, lies within the 20% dispersion observed
around the A10 profile. For M500 = 3× 1013 h−1M" the
profiles tend to lie below the A10 profile within R500, but
predict a higher pressure beyond this radius.

3.3.3. Mass and Redshift Dependence

At r = R500, our fiducial model (εf = 10−6 and α0 =
0.18) produces a mass scaling of Pe(R500) ∝ M0.75±0.01.
At 0.5R500, this steepens to M0.79±0.01. This steepening
of the mass scaling at smaller radii was also observed by
A10, who found a scaling of M0.69±0.16 and M0.78±0.16

at r = R500 and 0.5R500, respectively6.
In Figure 6, we plot the redshift evolution of the pres-

sure profile where the solid, dashed, dot-dashed, and dot-
ted lines correspond to z = 0, 0.5, 1 and 2, respectively.

6 We assume the same error on the mass scaling at 0.5R500 as
was measured at R500 for the A10 profile.

fgas-M
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exploration of ICM parameter space
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SZ Power Spectrum

• Cl ~ σ8 ^8

• Measurement uncertainty of the power 
spectrum amplitude ~ 20%

• Power spectrum gets about 40% signal 
from high-z galaxy groups

• Theoretical uncertainty ~ 40-50%

2 Shaw et al.

two sources of uncertainties – the amplitude of the halo
mass function, and in modeling the radial electron pres-
sure profile of the ICM. Recent studies of the mass and
redshift distribution of halos in N-body simulations im-
ply that the mass-function is known to 5-10% accuracy
for the currently allowed wCDM cosmology and so is not
the dominant source of uncertainty (Tinker et al. 2008;
Bhattacharya et al. 2010a).
The main difficulty in calculating the tSZ power spec-

trum is predicting the thermal pressure profiles of groups
and clusters over a wide range of mass and redshift. Ko-
matsu & Seljak (2002) and Holder (2002) show that low
mass (M < 2× 1014 h−1M") and high redshift (z > 0.6)
objects both make a significant contribution to the sig-
nal at angular scales of a few arcminutes (! ≈ 4000),
the scales at which current small-scale anisotropy exper-
iments such as SPT are most sensitive. While Chandra
and XMM-Newton have enabled high mass, low redshift
clusters to be studied extensively over the last decade,
lower mass and, in particular, high redshift objects are
still poorly understood. Furthermore, the SZ power spec-
trum is sensitive to the thermal pressure of the ICM
out to and beyond the virial radius, whereas current
X-ray observations typically extend out only as far as
R500(≈ 0.5Rvir). Hence, there are few observational con-
straints that can be used to aid predictions of the tSZ
power spectrum.
From a theoretical perspective, full cosmological hy-

drodynamical simulations have only recently begun to
systematically explore the effects of sub-grid baryonic
processes, such as radiative cooling, star-formation, feed-
back mechanisms, cosmic rays, thermal conduction and
magnetic fields, on the thermal structure of the ICM (Na-
gai et al. 2007a; Pfrommer et al. 2007; Dolag & Stasyszyn
2009; Sijacki et al. 2007, 2008; Battaglia et al. 2010). Fur-
thermore, simulations require high spatial resolution in
order to effectively implement some of these processes.
However, large box sizes are also required in order to
adequately sample the halo mass function at group and
cluster scales to enable measurements of the tSZ power
spectrum. Currently, the computational expense of run-
ning large box, high resolution hydrodynamical simula-
tions is prohibitive to investigating the level of theoret-
ical uncertainty on the power spectrum as well as the
dependence on cosmological parameters.
The principal aim of this work is to analytic models

to investigate the variations in the predicted tSZ power
spectrum caused by uncertainties in thermal structure
of the ICM. Specifically, we study the impact of non-
gravitational energy feedback, non-thermal pressure sup-
port and halo concentration on the shape and amplitude
of the power spectrum. This is achieved by combining
an analytic model for the ICM with the halo mass func-
tion to rapidly calculate the power spectrum for different
model parameters. Our model assumes that gas resides
in hydrostatic equilibrium with a polytropic equation of
state, and accounts for star-formation as well as feed-
back from supernovae and AGN and non-thermal pres-
sure support driven by random gas motions and turbu-
lence in the ICM. We calibrate our model parameters by
comparing against X-ray observations of massive, low-z
clusters. We find that including non-thermal pressure
support at the level measured in state-of-the-art hydro-

dynamical simulations significantly reduces the ampli-
tude of the predicted tSZ power spectrum, thus reducing
the tension between the σ8 inferred from the SPT obser-
vations and cluster abundance measurements.
The paper is organized as follows. In Section 2 we de-

scribe our model of the ICM. In Section 3, we explore
the model parameter space by comparing model scaling
relations and radial profiles against recent low-redshift
X-ray observations of groups and clusters. In Section 4,
we explore the uncertainty on the tSZ power spectrum
sourced by the underlying range in ICM model param-
eters. We compare our fiducial power spectrum model
with other recent simulations, and discuss our results in
the context of the recent SPT observations.
Throughout this paper we assume a fiducial, spatially-

flat, ΛCDM cosmological model consistent with the
WMAP7 best-fit cosmological parameters, namely H0 =
71 km s−1Mpc−1, ΩM = 0.264, ΩΛ = 0.736, ns = 0.96
and σ8 = 0.8.

2. THEORETICAL MODELS

2.1. Thermal SZ Power Spectrum

The thermal SZ effect is a distortion of the CMB
caused by inverse Compton scattering of CMB pho-
tons off electrons in the high temperature plasma within
galaxy clusters. To first order, the temperature change
at frequency ν of the CMB is given by ∆T/TCMB(xν) =
f(xν)y, where f(xν) = xν(coth(xν/2) − 4), xν =
hν/kBTCMB, and y is the dimensionless Compton-y pa-
rameter

y =

(

kBσT

mec2

)
∫

ne(l)Te(l)dl , (1)

where the integral is along the line of sight, TCMB is the
CMB temperature, ne and Te are the number density
and electron temperature of the ICM, respectively.
The SZ power spectrum can be calculated by simply

summing up the squared Fourier-space SZ profiles of all
clusters:

C" = f(xν)
2

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
ỹ(M, z, !)2 (2)

where V(z) is the comoving volume per steradian and
n(M, z) is the number density of objects of mass M at
redshift z. For the latter we use the fitting function of
Tinker et al. (2008). ỹ(M, z, !) is the Fourier transform of
the projected SZ profile for a cluster at mass M and red-
shift z. This can be calculated assuming spherical sym-
metry using (Bracewell 2000; Komatsu & Seljak 2002):

ỹ(M, z, !) =
4πrc
!2c

∫ ∞

0
dxx2y(M, z, x)

sin(!x/!c)

!x/!c
, (3)

where x = r/rc, !c = DA(z)/rc, rc is a characteristic
scale radius of the profile, DA(z) is the angular diameter
distance to redshift z and y(M, z, x) is the 3D SZ pro-
file, which is related simply to the gas electron pressure
profile,

y(M, z, x) ≡
σT

mec2
Pe(M, z, x) . (4)

Groups and clusters over a wide mass (1013 <
M/M" < 1015) and redshift (0 < z < 3) range con-
tribute to the tSZ power spectrum. For example, more

SZ bispectrum 5

Fig. 2.— Contribution to the SZ skewness spectrum of objects
within a given mass range (top) and redshift range (bottom) range.
We show the ratio of the skewness spectrum in a mass/redshift
range to the total skewness spectrum.

tivated by comparisons to hydrodynamical simulations
(S10, Battaglia et al. 2011), leaving β as a free parame-
ter.
In summary, our ICM model has five free parameters

AC , εf , εDM, α0, and β. Since the key observable for the
SZ effect is the pressure profile, we use measurements of
the pressure profiles by Arnaud et al. (2010) based on
31 massive (M500 > 1014h−1M"), low redshift (z ! 0.2)
clusters. Arnaud et al. (2010) showed that the pressure
profiles in their sample adheres to a universal form with
∼20% scatter. Figure 1 shows the pressure profile fit to
the Arnaud et al. (2010) data along with our predictions
for a typical cluster of mass MHSE

500 = 3 × 1014h−1M"

at z=0, where MHSE
500 is a cluster mass estimated assum-

ing the hydrostatic equilibrium (see S10 for more discus-
sions). Each of the 5 parameters are varied over a wide
range, including some extreme cases with a very high
feedback parameter or zero non-thermal pressure.
The parameter εf determines the amount of non-

gravitational (‘feedback’) energy injected into the ICM.

Fig. 3.— Top panel: the distribution of the skewness spectrum
over mass and redshift at ! = 3000. At M500 = 5 × 1013h−1M",
the lines show the cumulative distribution function, CDF(>M,
<z)=0.1 to 0.9 from bottom to top with a step of 0.1. Bottom
panel: the distribution of the SZ power spectrum at ! = 3000 (for
comparison with the skewness distribution). The lines represent
similar quantities as that in the top panel.

High levels of feedback inflates the gas distribution, low-
ering the pressure in the inner region while boosting it
in the cluster outskirts. For cluster-mass halos, the feed-
back energy is a small fraction of the binding energy
and has a minimal effect on the pressure profile. The
upper-left panel of Figure 1 shows how εf changes the
pressure profile in a cluster-mass halo at z = 0. In-
creasing εf by factor of ∼ 100 changes the pressure pro-
file by few percent at radii R < R500 and increases to
about 30% at 3R500. This is in qualitative agreement
with the findings from hydrodynamical simulations in-
cluding AGN feedback which indicate the impact of AGN
feedback is more pronounced in groups than in clusters
(Bhattacharya et al. 2008; Puchwein et al. 2008; Sijacki
et al. 2007; Teyssier et al. 2011; McCarthy et al. 2010;
Battaglia et al. 2010, 2011; Short et al. 2012). We note
however that our feedback model is highly simplistic and
does not capture the full detail of AGN feedback as im-
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two sources of uncertainties – the amplitude of the halo
mass function, and in modeling the radial electron pres-
sure profile of the ICM. Recent studies of the mass and
redshift distribution of halos in N-body simulations im-
ply that the mass-function is known to 5-10% accuracy
for the currently allowed wCDM cosmology and so is not
the dominant source of uncertainty (Tinker et al. 2008;
Bhattacharya et al. 2010a).
The main difficulty in calculating the tSZ power spec-

trum is predicting the thermal pressure profiles of groups
and clusters over a wide range of mass and redshift. Ko-
matsu & Seljak (2002) and Holder (2002) show that low
mass (M < 2× 1014 h−1M") and high redshift (z > 0.6)
objects both make a significant contribution to the sig-
nal at angular scales of a few arcminutes (! ≈ 4000),
the scales at which current small-scale anisotropy exper-
iments such as SPT are most sensitive. While Chandra
and XMM-Newton have enabled high mass, low redshift
clusters to be studied extensively over the last decade,
lower mass and, in particular, high redshift objects are
still poorly understood. Furthermore, the SZ power spec-
trum is sensitive to the thermal pressure of the ICM
out to and beyond the virial radius, whereas current
X-ray observations typically extend out only as far as
R500(≈ 0.5Rvir). Hence, there are few observational con-
straints that can be used to aid predictions of the tSZ
power spectrum.
From a theoretical perspective, full cosmological hy-

drodynamical simulations have only recently begun to
systematically explore the effects of sub-grid baryonic
processes, such as radiative cooling, star-formation, feed-
back mechanisms, cosmic rays, thermal conduction and
magnetic fields, on the thermal structure of the ICM (Na-
gai et al. 2007a; Pfrommer et al. 2007; Dolag & Stasyszyn
2009; Sijacki et al. 2007, 2008; Battaglia et al. 2010). Fur-
thermore, simulations require high spatial resolution in
order to effectively implement some of these processes.
However, large box sizes are also required in order to
adequately sample the halo mass function at group and
cluster scales to enable measurements of the tSZ power
spectrum. Currently, the computational expense of run-
ning large box, high resolution hydrodynamical simula-
tions is prohibitive to investigating the level of theoret-
ical uncertainty on the power spectrum as well as the
dependence on cosmological parameters.
The principal aim of this work is to analytic models

to investigate the variations in the predicted tSZ power
spectrum caused by uncertainties in thermal structure
of the ICM. Specifically, we study the impact of non-
gravitational energy feedback, non-thermal pressure sup-
port and halo concentration on the shape and amplitude
of the power spectrum. This is achieved by combining
an analytic model for the ICM with the halo mass func-
tion to rapidly calculate the power spectrum for different
model parameters. Our model assumes that gas resides
in hydrostatic equilibrium with a polytropic equation of
state, and accounts for star-formation as well as feed-
back from supernovae and AGN and non-thermal pres-
sure support driven by random gas motions and turbu-
lence in the ICM. We calibrate our model parameters by
comparing against X-ray observations of massive, low-z
clusters. We find that including non-thermal pressure
support at the level measured in state-of-the-art hydro-

dynamical simulations significantly reduces the ampli-
tude of the predicted tSZ power spectrum, thus reducing
the tension between the σ8 inferred from the SPT obser-
vations and cluster abundance measurements.
The paper is organized as follows. In Section 2 we de-

scribe our model of the ICM. In Section 3, we explore
the model parameter space by comparing model scaling
relations and radial profiles against recent low-redshift
X-ray observations of groups and clusters. In Section 4,
we explore the uncertainty on the tSZ power spectrum
sourced by the underlying range in ICM model param-
eters. We compare our fiducial power spectrum model
with other recent simulations, and discuss our results in
the context of the recent SPT observations.
Throughout this paper we assume a fiducial, spatially-

flat, ΛCDM cosmological model consistent with the
WMAP7 best-fit cosmological parameters, namely H0 =
71 km s−1Mpc−1, ΩM = 0.264, ΩΛ = 0.736, ns = 0.96
and σ8 = 0.8.

2. THEORETICAL MODELS

2.1. Thermal SZ Power Spectrum

The thermal SZ effect is a distortion of the CMB
caused by inverse Compton scattering of CMB pho-
tons off electrons in the high temperature plasma within
galaxy clusters. To first order, the temperature change
at frequency ν of the CMB is given by ∆T/TCMB(xν) =
f(xν)y, where f(xν) = xν(coth(xν/2) − 4), xν =
hν/kBTCMB, and y is the dimensionless Compton-y pa-
rameter

y =

(

kBσT

mec2

)
∫

ne(l)Te(l)dl , (1)

where the integral is along the line of sight, TCMB is the
CMB temperature, ne and Te are the number density
and electron temperature of the ICM, respectively.
The SZ power spectrum can be calculated by simply

summing up the squared Fourier-space SZ profiles of all
clusters:

C" = f(xν)
2

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
ỹ(M, z, !)2 (2)

where V(z) is the comoving volume per steradian and
n(M, z) is the number density of objects of mass M at
redshift z. For the latter we use the fitting function of
Tinker et al. (2008). ỹ(M, z, !) is the Fourier transform of
the projected SZ profile for a cluster at mass M and red-
shift z. This can be calculated assuming spherical sym-
metry using (Bracewell 2000; Komatsu & Seljak 2002):

ỹ(M, z, !) =
4πrc
!2c

∫ ∞

0
dxx2y(M, z, x)

sin(!x/!c)

!x/!c
, (3)

where x = r/rc, !c = DA(z)/rc, rc is a characteristic
scale radius of the profile, DA(z) is the angular diameter
distance to redshift z and y(M, z, x) is the 3D SZ pro-
file, which is related simply to the gas electron pressure
profile,

y(M, z, x) ≡
σT

mec2
Pe(M, z, x) . (4)

Groups and clusters over a wide mass (1013 <
M/M" < 1015) and redshift (0 < z < 3) range con-
tribute to the tSZ power spectrum. For example, more
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Fig. 2.— Contribution to the SZ skewness spectrum of objects
within a given mass range (top) and redshift range (bottom) range.
We show the ratio of the skewness spectrum in a mass/redshift
range to the total skewness spectrum.

tivated by comparisons to hydrodynamical simulations
(S10, Battaglia et al. 2011), leaving β as a free parame-
ter.
In summary, our ICM model has five free parameters

AC , εf , εDM, α0, and β. Since the key observable for the
SZ effect is the pressure profile, we use measurements of
the pressure profiles by Arnaud et al. (2010) based on
31 massive (M500 > 1014h−1M"), low redshift (z ! 0.2)
clusters. Arnaud et al. (2010) showed that the pressure
profiles in their sample adheres to a universal form with
∼20% scatter. Figure 1 shows the pressure profile fit to
the Arnaud et al. (2010) data along with our predictions
for a typical cluster of mass MHSE

500 = 3 × 1014h−1M"

at z=0, where MHSE
500 is a cluster mass estimated assum-

ing the hydrostatic equilibrium (see S10 for more discus-
sions). Each of the 5 parameters are varied over a wide
range, including some extreme cases with a very high
feedback parameter or zero non-thermal pressure.
The parameter εf determines the amount of non-

gravitational (‘feedback’) energy injected into the ICM.

Fig. 3.— Top panel: the distribution of the skewness spectrum
over mass and redshift at ! = 3000. At M500 = 5 × 1013h−1M",
the lines show the cumulative distribution function, CDF(>M,
<z)=0.1 to 0.9 from bottom to top with a step of 0.1. Bottom
panel: the distribution of the SZ power spectrum at ! = 3000 (for
comparison with the skewness distribution). The lines represent
similar quantities as that in the top panel.

High levels of feedback inflates the gas distribution, low-
ering the pressure in the inner region while boosting it
in the cluster outskirts. For cluster-mass halos, the feed-
back energy is a small fraction of the binding energy
and has a minimal effect on the pressure profile. The
upper-left panel of Figure 1 shows how εf changes the
pressure profile in a cluster-mass halo at z = 0. In-
creasing εf by factor of ∼ 100 changes the pressure pro-
file by few percent at radii R < R500 and increases to
about 30% at 3R500. This is in qualitative agreement
with the findings from hydrodynamical simulations in-
cluding AGN feedback which indicate the impact of AGN
feedback is more pronounced in groups than in clusters
(Bhattacharya et al. 2008; Puchwein et al. 2008; Sijacki
et al. 2007; Teyssier et al. 2011; McCarthy et al. 2010;
Battaglia et al. 2010, 2011; Short et al. 2012). We note
however that our feedback model is highly simplistic and
does not capture the full detail of AGN feedback as im-
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two sources of uncertainties – the amplitude of the halo
mass function, and in modeling the radial electron pres-
sure profile of the ICM. Recent studies of the mass and
redshift distribution of halos in N-body simulations im-
ply that the mass-function is known to 5-10% accuracy
for the currently allowed wCDM cosmology and so is not
the dominant source of uncertainty (Tinker et al. 2008;
Bhattacharya et al. 2010a).
The main difficulty in calculating the tSZ power spec-

trum is predicting the thermal pressure profiles of groups
and clusters over a wide range of mass and redshift. Ko-
matsu & Seljak (2002) and Holder (2002) show that low
mass (M < 2× 1014 h−1M") and high redshift (z > 0.6)
objects both make a significant contribution to the sig-
nal at angular scales of a few arcminutes (! ≈ 4000),
the scales at which current small-scale anisotropy exper-
iments such as SPT are most sensitive. While Chandra
and XMM-Newton have enabled high mass, low redshift
clusters to be studied extensively over the last decade,
lower mass and, in particular, high redshift objects are
still poorly understood. Furthermore, the SZ power spec-
trum is sensitive to the thermal pressure of the ICM
out to and beyond the virial radius, whereas current
X-ray observations typically extend out only as far as
R500(≈ 0.5Rvir). Hence, there are few observational con-
straints that can be used to aid predictions of the tSZ
power spectrum.
From a theoretical perspective, full cosmological hy-

drodynamical simulations have only recently begun to
systematically explore the effects of sub-grid baryonic
processes, such as radiative cooling, star-formation, feed-
back mechanisms, cosmic rays, thermal conduction and
magnetic fields, on the thermal structure of the ICM (Na-
gai et al. 2007a; Pfrommer et al. 2007; Dolag & Stasyszyn
2009; Sijacki et al. 2007, 2008; Battaglia et al. 2010). Fur-
thermore, simulations require high spatial resolution in
order to effectively implement some of these processes.
However, large box sizes are also required in order to
adequately sample the halo mass function at group and
cluster scales to enable measurements of the tSZ power
spectrum. Currently, the computational expense of run-
ning large box, high resolution hydrodynamical simula-
tions is prohibitive to investigating the level of theoret-
ical uncertainty on the power spectrum as well as the
dependence on cosmological parameters.
The principal aim of this work is to analytic models

to investigate the variations in the predicted tSZ power
spectrum caused by uncertainties in thermal structure
of the ICM. Specifically, we study the impact of non-
gravitational energy feedback, non-thermal pressure sup-
port and halo concentration on the shape and amplitude
of the power spectrum. This is achieved by combining
an analytic model for the ICM with the halo mass func-
tion to rapidly calculate the power spectrum for different
model parameters. Our model assumes that gas resides
in hydrostatic equilibrium with a polytropic equation of
state, and accounts for star-formation as well as feed-
back from supernovae and AGN and non-thermal pres-
sure support driven by random gas motions and turbu-
lence in the ICM. We calibrate our model parameters by
comparing against X-ray observations of massive, low-z
clusters. We find that including non-thermal pressure
support at the level measured in state-of-the-art hydro-

dynamical simulations significantly reduces the ampli-
tude of the predicted tSZ power spectrum, thus reducing
the tension between the σ8 inferred from the SPT obser-
vations and cluster abundance measurements.
The paper is organized as follows. In Section 2 we de-

scribe our model of the ICM. In Section 3, we explore
the model parameter space by comparing model scaling
relations and radial profiles against recent low-redshift
X-ray observations of groups and clusters. In Section 4,
we explore the uncertainty on the tSZ power spectrum
sourced by the underlying range in ICM model param-
eters. We compare our fiducial power spectrum model
with other recent simulations, and discuss our results in
the context of the recent SPT observations.
Throughout this paper we assume a fiducial, spatially-

flat, ΛCDM cosmological model consistent with the
WMAP7 best-fit cosmological parameters, namely H0 =
71 km s−1Mpc−1, ΩM = 0.264, ΩΛ = 0.736, ns = 0.96
and σ8 = 0.8.

2. THEORETICAL MODELS

2.1. Thermal SZ Power Spectrum

The thermal SZ effect is a distortion of the CMB
caused by inverse Compton scattering of CMB pho-
tons off electrons in the high temperature plasma within
galaxy clusters. To first order, the temperature change
at frequency ν of the CMB is given by ∆T/TCMB(xν) =
f(xν)y, where f(xν) = xν(coth(xν/2) − 4), xν =
hν/kBTCMB, and y is the dimensionless Compton-y pa-
rameter

y =

(

kBσT

mec2

)
∫

ne(l)Te(l)dl , (1)

where the integral is along the line of sight, TCMB is the
CMB temperature, ne and Te are the number density
and electron temperature of the ICM, respectively.
The SZ power spectrum can be calculated by simply

summing up the squared Fourier-space SZ profiles of all
clusters:

C" = f(xν)
2

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
ỹ(M, z, !)2 (2)

where V(z) is the comoving volume per steradian and
n(M, z) is the number density of objects of mass M at
redshift z. For the latter we use the fitting function of
Tinker et al. (2008). ỹ(M, z, !) is the Fourier transform of
the projected SZ profile for a cluster at mass M and red-
shift z. This can be calculated assuming spherical sym-
metry using (Bracewell 2000; Komatsu & Seljak 2002):

ỹ(M, z, !) =
4πrc
!2c

∫ ∞

0
dxx2y(M, z, x)

sin(!x/!c)

!x/!c
, (3)

where x = r/rc, !c = DA(z)/rc, rc is a characteristic
scale radius of the profile, DA(z) is the angular diameter
distance to redshift z and y(M, z, x) is the 3D SZ pro-
file, which is related simply to the gas electron pressure
profile,

y(M, z, x) ≡
σT

mec2
Pe(M, z, x) . (4)

Groups and clusters over a wide mass (1013 <
M/M" < 1015) and redshift (0 < z < 3) range con-
tribute to the tSZ power spectrum. For example, more
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Fig. 2.— Contribution to the SZ skewness spectrum of objects
within a given mass range (top) and redshift range (bottom) range.
We show the ratio of the skewness spectrum in a mass/redshift
range to the total skewness spectrum.

tivated by comparisons to hydrodynamical simulations
(S10, Battaglia et al. 2011), leaving β as a free parame-
ter.
In summary, our ICM model has five free parameters

AC , εf , εDM, α0, and β. Since the key observable for the
SZ effect is the pressure profile, we use measurements of
the pressure profiles by Arnaud et al. (2010) based on
31 massive (M500 > 1014h−1M"), low redshift (z ! 0.2)
clusters. Arnaud et al. (2010) showed that the pressure
profiles in their sample adheres to a universal form with
∼20% scatter. Figure 1 shows the pressure profile fit to
the Arnaud et al. (2010) data along with our predictions
for a typical cluster of mass MHSE

500 = 3 × 1014h−1M"

at z=0, where MHSE
500 is a cluster mass estimated assum-

ing the hydrostatic equilibrium (see S10 for more discus-
sions). Each of the 5 parameters are varied over a wide
range, including some extreme cases with a very high
feedback parameter or zero non-thermal pressure.
The parameter εf determines the amount of non-

gravitational (‘feedback’) energy injected into the ICM.

Fig. 3.— Top panel: the distribution of the skewness spectrum
over mass and redshift at ! = 3000. At M500 = 5 × 1013h−1M",
the lines show the cumulative distribution function, CDF(>M,
<z)=0.1 to 0.9 from bottom to top with a step of 0.1. Bottom
panel: the distribution of the SZ power spectrum at ! = 3000 (for
comparison with the skewness distribution). The lines represent
similar quantities as that in the top panel.

High levels of feedback inflates the gas distribution, low-
ering the pressure in the inner region while boosting it
in the cluster outskirts. For cluster-mass halos, the feed-
back energy is a small fraction of the binding energy
and has a minimal effect on the pressure profile. The
upper-left panel of Figure 1 shows how εf changes the
pressure profile in a cluster-mass halo at z = 0. In-
creasing εf by factor of ∼ 100 changes the pressure pro-
file by few percent at radii R < R500 and increases to
about 30% at 3R500. This is in qualitative agreement
with the findings from hydrodynamical simulations in-
cluding AGN feedback which indicate the impact of AGN
feedback is more pronounced in groups than in clusters
(Bhattacharya et al. 2008; Puchwein et al. 2008; Sijacki
et al. 2007; Teyssier et al. 2011; McCarthy et al. 2010;
Battaglia et al. 2010, 2011; Short et al. 2012). We note
however that our feedback model is highly simplistic and
does not capture the full detail of AGN feedback as im-
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Figure 1: (a) The region of k-space allowed by the triangle inequality, i.e., for which the primordial bispectrum is valid. The
red lines are k1 = k2, k3 = 0; k2 = k3, k1 = 0; k3 = k1, k2 = 0 and the allowed region is in yellow. (b) This area can be

parametrised into slices represented by the green triangle and the distance 2|!k|/
√

3 of the centre of the triangle from the origin.

The region covered in the bispectrum correlator is the intersection of the cube defined by [0, lmax] and the tetrahedron
defined by the triangle condition on the three li and so we should cover a similar region in k-space. If we just look at
the correlation on one slice then we miss the effect the shape of the region has on the result. If we think of the region
as being composed of many parallel slices then some will be incomplete due to the effect of restricting the individual
ki < kmax. Different slices will give different correlations depending on how much they have been cut and so no slice
is truly representative of the true correlation. The third and related problem if that the weight in (51) is required to
give accurate representation of the CMB correlation using shape functions in k-space.

Shape decomposition

Given strong observational limits on the scalar tilt we expect all shape functions to exhibit behaviour close to
scale-invariance, so that S(k1, k2, k3) will only depend weakly on |!k|. Here, we choose to parametrise the magnitude
of the ki’s with both |!k| = (k2

1 + k2
2 + k2

3)
1/2 and the semi-perimeter,

k ≡ 1

2
(k1 + k2 + k3) . (53)

A consequence of this scaling behaviour is that the form of the shape function on a cross-section is essentially
independent of k, so that for the models under consideration we can write

S(k1, k2, k3) = f(k)S̄(k̂1, k̂2, k̂3) . (54)

where

k̂1 =
k1

k
, k̂2 =

k2

k
, k̂3 =

k3

k
, (55)

and we note that k̂1 + k̂2 + k̂3 = 2. Since we are restricted to the region where the three ki are able to form a
triangle by momentum conservation, we will reparametrise the allowed region to separate out the overall scale k from
the behaviour on a cross-sectional slice Sk. This two-dimensional slice is spanned by the remaining coordinates (see

SZ bispectrum. 3

data with a S/N≈ 10, assuming a perfect subtraction of
the primary CMB signal.
The bispectrum in the CMB map can be measured by

using three Fourier transformed CMB temperature val-
ues that satisfy the triangle rules, then taking the ensem-
ble average over the entire dataset. The full information
of the non-gaussianity (primordial or late time) can in
principle be obtained by summing over all possible such
ensemble averaged triangles. Indeed sum over all tri-
angles is the Fourier transform of the skewness of the
map and is a single number. A non-zero skewness is a
simple way to detect the non-gaussian signal. In reality
however if the goal is to distinguish a particular type of
non-gaussian signal from the rest, a skewness may not
be the optimal measureable quantity. One can however
measure a skewness type spectrum where two sides of
the triangle is summed over to measure the skewness as
a function of the third side (Munshi & Heavens 2010).
An analogous statistics in real space have also been pro-
posed to measure skewness as a function os angular scale
Cooray et al. (2000). Unlike the real space statistics, the
skewness spectrum in Fourier space have the advantage
of producing spectrally distinguisible bispectrum signal
from different sources. Owing to these advantages, we
use the Fourier space skewness spectrum to study the SZ
bispectrum.
The CMB temperature fluctuations ∆θ(n̂) in a certain

direction, n̂, can be expanded into spherical harmonics
as

a!m =

∫

d2n̂
∆T

T
Y ∗
lm(n̂) (4)

The angular bispectrum is Bm1m2m3

!1!2!3
=

〈al1m1
al2m2

al3m3
〉 and the angle-averaged quantity

in the full sky limit can be written as

B(l1l2l3) = Σm1m2m3

(

"1 "2 "3
m1 m2 m3

)

Bm1m2m3

l1l2l3
(5)

and has to satisfy the triangle rules namely, m1 +m2 +
m3 = 0, "1 + "2 + "3= even, and |li − lj | ≤ lk ≥ li + lj .
The angular bispectrum Bl1l2l3 can then be written as

B("1"2"3)=

√

(2"1 + 1)(2"2 + 1)(2"3 + 1)

4π

(

"1 "2 "3
0 0 0

)

(6)

× b("1"2"3)

where b("1"2"3) is the flat-sky bispectrum as shown in
Hu (2000). Since for the tSZ bispectrum we will be in-
terested in measuring the signal at " > 2000, a flat sky
approximation is justified and all the results in this study
show b("1"2"3). We will refer to b("1"2"3) as the bispec-
trum for brevity and for the tSZ case is defined in Eq. 9
in Section 2.3.
We sum over the two smaller sides of the triangles and

show the bispectrum as a function of the largest side of
the triangle and write a skewness spectrum as

Λ(") =
"2

2π

√

Σ!1!2b2(""1"2) (7)

The signal-to-noise integrated to a certain ", also known
as the normalised spectrum (Komatsu et al. 2002), λ(<

") or λl is similarly defined as

λ(< ") =

√

Σ!
!1
Σ!2!3

b2("1"2"3)

N2("1"2"3)
(8)

2.3. SZ bispectrum

The tSZ bispectrum is the cube of the Fourier trans-
form of the pressure profile, then summed up over all the
cluster and groups, namely

b("1"2"3)= f(xν)
3

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
× ỹ(M, z, "1)ỹ(M, z, "2)ỹ(M, z, "3) (9)

The noise of the SZ bispectrum (in the gaussian limit)
is given by

N("1"2"3) = C("1)C("2)C("3) (10)

where C(") is the total power spectrum that includes
the lensed CMB power spectrum, point sources-dusty
galaxies (DSFG) (Poisson+correlated) and radio sources
(Poisson), the beam noise and the SZ power spectrum.
The beam noise is given by (Knox 1995; Jungman et al.
1996)

Nb(") = fskyw
−1 exp

[

l2θ2fwhm

8 ln 2

]

(11)

where fsky is the fraction of the sky covered by the as-
sumed surveys, w−1 = [σpixθfwhm/TCMb]2, σpix is the
noise per pixel, θfwhm is the resolution at full width at
half maximum assuming a gaussian beam, TCMB is the
CMB temperature. In this study we show all the re-
sults at 95 GHz. We assume all sources above 5σ at
150 GHz is detected and removed from the 95 GHz map.
The power of the unresolved DSFG sources at 95 GHz
are 6× 10−7µk2 (Poisson) and 5× 10−7("/3000)−1.2µk2

(clustered) and the radio sources are 4.95 × 10−6µk2

(Poisson) at 95 GHz (Reichardt et al. 2011). The lensed
CMB power spectrum is calculated using CAMB (Lewis
et al. 2000). The SZ power spectrum is calculated using
Eq. ??.
We study the relation between the SZ amplitude of

the power spectrum (ASZ) and the bispectrum (BSZ) in
section 4.3. Usually Asz is defined as the ratio of the
measured to the theoretical prediction at " = 3000. In
this study, we analogously define Asz as the ratio of the
power spectrum amplitude at non-fiducial cosmology to
that at σ8 = 0.8. Thus,

Asz = C3000(σ8)/C3000(0.8) (12)

Similarly we define the amplitude of the bispectrum as
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show b("1"2"3). We will refer to b("1"2"3) as the bispec-
trum for brevity and for the tSZ case is defined in Eq. 9
in Section 2.3.
We sum over the two smaller sides of the triangles and

show the bispectrum as a function of the largest side of
the triangle and write a skewness spectrum as

Λ(") =
"2

2π

√

Σ!1!2b2(""1"2) (7)

The signal-to-noise integrated to a certain ", also known
as the normalised spectrum (Komatsu et al. 2002), λ(<

") or λl is similarly defined as

λ(< ") =

√

Σ!
!1
Σ!2!3

b2("1"2"3)

N2("1"2"3)
(8)

2.3. SZ bispectrum

The tSZ bispectrum is the cube of the Fourier trans-
form of the pressure profile, then summed up over all the
cluster and groups, namely

b("1"2"3)= f(xν)
3

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
× ỹ(M, z, "1)ỹ(M, z, "2)ỹ(M, z, "3) (9)

The noise of the SZ bispectrum (in the gaussian limit)
is given by

N("1"2"3) = C("1)C("2)C("3) (10)

where C(") is the total power spectrum that includes
the lensed CMB power spectrum, point sources-dusty
galaxies (DSFG) (Poisson+correlated) and radio sources
(Poisson), the beam noise and the SZ power spectrum.
The beam noise is given by (Knox 1995; Jungman et al.
1996)

Nb(") = fskyw
−1 exp

[

l2θ2fwhm

8 ln 2

]

(11)

where fsky is the fraction of the sky covered by the as-
sumed surveys, w−1 = [σpixθfwhm/TCMb]2, σpix is the
noise per pixel, θfwhm is the resolution at full width at
half maximum assuming a gaussian beam, TCMB is the
CMB temperature. In this study we show all the re-
sults at 95 GHz. We assume all sources above 5σ at
150 GHz is detected and removed from the 95 GHz map.
The power of the unresolved DSFG sources at 95 GHz
are 6× 10−7µk2 (Poisson) and 5× 10−7("/3000)−1.2µk2

(clustered) and the radio sources are 4.95 × 10−6µk2

(Poisson) at 95 GHz (Reichardt et al. 2011). The lensed
CMB power spectrum is calculated using CAMB (Lewis
et al. 2000). The SZ power spectrum is calculated using
Eq. ??.
We study the relation between the SZ amplitude of

the power spectrum (ASZ) and the bispectrum (BSZ) in
section 4.3. Usually Asz is defined as the ratio of the
measured to the theoretical prediction at " = 3000. In
this study, we analogously define Asz as the ratio of the
power spectrum amplitude at non-fiducial cosmology to
that at σ8 = 0.8. Thus,

Asz = C3000(σ8)/C3000(0.8) (12)

Similarly we define the amplitude of the bispectrum as

Bsz = Λ4000(σ8)/Λ4000(0.8) (13)

Thus at the fiducial cosmology Bsz = ASZ = 1. We
choose to define Bsz at the mean of the " range (2000-
6000) over which most of the signal comes from or at
" = 4000.
The signal-to-noise for any particular triangle type is

< 1. However as we will show in section 4.4, the SZ
amplitude from the skewness spectrum can be detected
at high signal-to-noise when summed over all possible
triangles configurations.
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From Bispectrum to Skewness Spectrum

• skewness is the simplest 3-pt statistics in real 
space(equivalent to variance in 2-pt space):

• Skewness is the sum over all possible triangles 
in harmonic space, then FT to real space.

• in real space, a skewness function is the 
skewness measured over a certain angular 
scale (Cooray 2000)

• Problem with real space skewness function is 
different sources of non-Gaussianity.

• Solution ? define a skewness spectrum in 
harmonic space (Munshi & Heavens 2008)

Figure 2 shows the integrated bispectrum (Eq.(16)) divided by the Gaunt integral Gm1m2m3

l1l2l3
, which is basically

bprimary
l1l2l3

. Since the signal comes primarily from the decoupling epoch τ∗ as mentioned above, the integration boundary
is chosen as c (τ0 − 2τ∗) ≤ r ≤ c (τ0 − 0.1τ∗). We use a step-size of 0.1cτ∗, as we found that a step size of 0.01cτ∗
gives very similar results. While the bispectrum is a 3-d function, we show different 1-d slices of the bispectrum in

this figure. l2(l2 +1)l3(l3 +1)
〈

aNL
l1m1

aL
l2m2

aL
l3m3

〉 (

Gm1m2m3

l1l2l3

)−1
/(2π)2 is plotted as a function of l3 in the upper panel,

while l1(l1+1)l2(l2+1)
〈

aL
l1m1

aL
l2m2

aNL
l3m3

〉 (

Gm1m2m3

l1l2l3

)−1
/(2π)2 is plotted in the lower panel. l(l+1)/(2π) is multiplied

for each bL
l (r) which contains PΦ(k) so as the Sachs–Wolfe plateau at l3 <∼ 10 is easily seen in figure 2. l1 and l2

are chosen so as (l1, l2) = (9, 11), (99, 101), (199, 201), and (499, 501). We find that the (l1, l2) = (199, 201) mode, the
first acoustic peak mode, has the largest signal in this family of parameters. The upper panel has a prominent first
acoustic peak, and strongly damped oscillations in high-l regime. The lower panel also has a first peak, but damps
more slowly. The typical amplitude of the reduced bispectrum is l4bprimary

lll f−1
NL ∼ 10−17, which agrees with an order

of magnitude estimate (Eq.(20)).
Our formula (Eq.(19)) and numerical results agree with Gangui et al. [12] calculation in the Sachs–Wolfe regime,

where gTl(k) ≈ −jl(kr∗)/3, and thus

bprimary
l1l2l3

≈ −6fNL

(

CSW
l1 CSW

l2 + CSW
l1 CSW

l3 + CSW
l2 CSW

l3

)

(Sachs–Wolfe approximation). (21)

Each term is in the same order as equation (19). CSW
l is the CMB angular power spectrum in the Sachs–Wolfe

approximation,

CSW
l ≡

2

9π

∫ ∞

0
k2dkPΦ(k)j2

l (kr∗). (22)

In deriving equation (21) from (19), we approximated bNL
l (r) (Eq.(18)) to

bNL
l (r) ≈

(

−
fNL

3

)

2

π

∫ ∞

0
k2dkjl(kr∗)jl(kr) = −

fNL

3
r−2
∗ δ(r − r∗). (23)

The Sachs–Wolfe approximation (Eq.(21)) is valid only when l1, l2, and l3 are all less than ∼ 10, where Gangui et
al.’s formula gives ∼ −6×10−20 in figure 2. It should be stressed again that the Sachs–Wolfe approximation gives the
qualitatively different result from our full calculation (Eq.(19)) at li >∼ 10. The full bispectrum does change a sign,
while the approximation never changes a sign because of the use of CSW

l . The acoustic oscillation and the sign change
are actually great advantages, when we try to separate the primary bispectrum from various secondary bispectra. We
shall study this point later.

C. Primary skewness

The skewness S3,

S3 ≡

〈

(

∆T (n̂)

T

)3
〉

(24)

is the simplest statistic characterizing the non-Gaussianity. S3 is expanded in terms of Bl1l2l3 (Eq.(3)) or bl1l2l3
(Eq.(5)) as

S3 =
1

4π

∑

l1l2l3

√

(2l1 + 1) (2l2 + 1) (2l3 + 1)

4π

(

l1 l2 l3
0 0 0

)

Bl1l2l3Wl1Wl2Wl3

=
1

2π2

∑

2≤l1l2l3

(

l1 +
1

2

) (

l2 +
1

2

) (

l3 +
1

2

) (

l1 l2 l3
0 0 0

)2

bl1l2l3Wl1Wl2Wl3 , (25)

where Wl is the experimental window function. We have used equation (6) to replace Bl1l2l3 by the reduced bispectrum
bl1l2l3 in the last equality. Since l = 0 and 1 modes are not observable, we have excluded them from the summation.

Throughout this paper, we consider the single-beam window function, Wl = e−l(l+1)/(2σ2

b
), where σb = FWHM/

√
8 ln 2.

Since

(

l1 l2 l3
0 0 0

)2

bl1l2l3 is symmetric under permutation of indices, it is useful to change the way of summation as
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FIG. 7. (a) SZ skewness as a function of smoothing scale. The absolute value of skewness, since S3 ∝ g(x)−1 < 0 as
g(x) = −2 at RJ part of the frequency spectrum, is shown for the virial temperature (solid lines) and minimum temperature
(dot-dashed lines) models for halos as a function of maximum mass used in the calculation ranging from 1016 to 1013 M# from
top to bottom. (b) The probability distribution function when the smoothing scale is 12 arcmin as a function of maximum
mass used (solid lines; the highest peak curve is when the maximum mass is 1013 M#, while with increasing non-Gaussianity as
demonstrated by the departure from a Gaussian distribution, the maximum mass increases). We also show the pdf of expected
Planck SZ map noise (dashed line) for smoothing at same angular scales. The non-Gaussian tail, at the negative y values
beyond the pdf of Planck noise, due to massive and rare clusters will easily be detected with Planck.

effect from baryons in virialized halos, but as shown in
Fig. 5(b), this level is consistent with what is predicted
for SZ effect when halos with mass greater than 1013 M!
is not present in observed fields.

As shown in Fig. 5(b), the lack of massive halos leads
to a strong suppression of power, and halos with masses
greater than 1015 M! are needed to obtain the full power
spectrum. The lack of massive halos not only lead to a
change in the power spectrum at large angular scales, the
lack of mases also affect the contribution at small angular
scales. Increasing the minimum temperature of electrons
from the values determined by virial theorem to a min-
imum energy value of 0.75 keV significantly affects the
change resulting from the lack of massive halos. In fact,
with a minimum energy for baryons, the change is smaller
when halos with masses less than 1014 M! is considered.
At the higher end of masses, the minimum energy do
not significantly affect the power spectrum; the resulting
change is less than 30% compared to the power spectrum
with electron temperature based on the virial theorem.
The variations suggest several observational possibilities,
including the determination of minimum electron tem-
perature, ie. the energy related to preheating if it exists,
by calculating the power spectrum with massive halos
substratced in a wide-field SZ map such as the one that
will be eventually made with Planck.

For less area surveys, such as planned interferomet-
ric observations of the wide-field SZ effect (e.g., the few

square degree survey of Carlstrom et al. [7]), the sample
variance due to lack of massive halos in observed fields
can be problematic in the interpretation of the observed
signal. The problem arises from the fact that massive ha-
los which contribute to the SZ power spectrum are rare
and that observations in small fields will not contain such
adeqaute masses to provide the fully expected SZ signal.
The dependance of SZ effect on massive halos is even
problematic for numerical simulations with limited box
sizes. As pointed out by [14], the measured power spec-
trum in their simulation varies significantly based on the
considred line of sight.

The dependance of signal on massive halos is also
present in other observables of large scale structure, such
as weak gravitational lensing. Compared to weak lensing
surveys, studied in [20] and [19], the SZ effect depends
more strongly on rare halos. Most of these halos are
at low redshifts, thus, surveys which avoid regions with
known clusters will inherently also include an additional
bias. As an example, the contribution to 1-σ detection
of temperature anisotropies at arcminute scales by [42]
due to SZ effect requires detailed knowledge on the dis-
tribution of halo masses in the observed fields. For a
measurement of the SZ power spectrum, with a sample
variance less than 20%, requires observations of a field ∼
1000 deg2, while the same can be achieved in an area of ∼
100 deg2 for lensing. As discussed in [20], however, the
sample variance due to lack of massive and rare halos,

11

Cooray 2000; Rubino-Martin & Sunyaev 03; Hill & Sherwin 12
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Where the SZ skewness spectrum signal comes from? 
SZ bispectrum. 5

Fig. 2.— Cumulative contribution to the SZ skewness spectrum
for objects of mass < M500 (top) and redshift > z (bottom) range.
We show the ratio of the skewness spectrum in a mass/redshift
range to the total skewness spectrum. In both panels, the contours
vary from 90% (bottom-right) to 10% (upper-left).

the radial and redshift dependence of the non-thermal
pressure support, respectively. We set nnt = 0.8, mo-
tivated by comparisons to hydrodynamical simulations
(S10, Battaglia et al. 2011), leaving β as a free parame-
ter.
In summary, our ICM model has five free parameters

AC , εf , εDM, α0, and β. Since the key observable for the
SZ effect is the pressure profile, we use measurements of
the pressure profiles by Arnaud et al. (2009) based on
31 massive (M500 > 1014h−1M"), low redshift (z ! 0.2)
clusters. Arnaud et al. (2009) showed that the pressure
profiles in their sample adheres to a universal form with
∼20% scatter. Figure 1 shows the pressure profile fit to
the Arnaud et al. (2009) data along with our predictions
for a typical cluster of mass M500 = 3 × 1014h−1M" at
z=0. Each of the 5 parameters are varied over a wide
range, including some extreme cases with very high feed-

Fig. 3.— Top panel: the distribution of the skewness spectrum
over mass and redshift at ! = 3000. AtM500 = 5×1013h−1M", the
lines indicate probability distribution function, PDF(>M, <z)=0.1
to 0.9 from bottom to top with a step of 0.1. Bottom panel: the
distribution of the SZ power spectrum at ! = 3000 (for compar-
ison with the skewness distribution). The lines represent similar
quantities as that in the left panel.

back parameter or zero non-thermal pressure.
The parameter εf determines the amount of non-

gravitational (‘feedback’) energy injected into the ICM.
High levels of feedback inflates the gas distribution, low-
ering the pressure in the inner region while boosting it
in the cluster outskirts. For cluster mass halos, the feed-
back energy is a small fraction of the binding energy of
the clusters and has a minimal effect on the pressure
profile of massive clusters. The upper-left panel of Fig-
ure 1 shows how εf changes the pressure profile in a
cluster-mass halo at z = 0. Increasing εf by factor of ∼
100 changes the pressure profile by few percent at radii
R < R500 and increases to about 30% at 3R500. This is
in qualitative agreement with the findings from hydrody-
namical simulations including AGN feedback which indi-
cate the impact of AGN feedback is more pronounced in

SZ bispectrum. 5

Fig. 2.— Cumulative contribution to the SZ skewness spectrum
for objects of mass < M500 (top) and redshift > z (bottom) range.
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tivated by comparisons to hydrodynamical simulations
(S10, Battaglia et al. 2011), leaving β as a free parame-
ter.
In summary, our ICM model has five free parameters

AC , εf , εDM, α0, and β. Since the key observable for the
SZ effect is the pressure profile, we use measurements of
the pressure profiles by Arnaud et al. (2009) based on
31 massive (M500 > 1014h−1M"), low redshift (z ! 0.2)
clusters. Arnaud et al. (2009) showed that the pressure
profiles in their sample adheres to a universal form with
∼20% scatter. Figure 1 shows the pressure profile fit to
the Arnaud et al. (2009) data along with our predictions
for a typical cluster of mass M500 = 3 × 1014h−1M" at
z=0. Each of the 5 parameters are varied over a wide
range, including some extreme cases with very high feed-
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lines indicate probability distribution function, PDF(>M, <z)=0.1
to 0.9 from bottom to top with a step of 0.1. Bottom panel: the
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back parameter or zero non-thermal pressure.
The parameter εf determines the amount of non-

gravitational (‘feedback’) energy injected into the ICM.
High levels of feedback inflates the gas distribution, low-
ering the pressure in the inner region while boosting it
in the cluster outskirts. For cluster mass halos, the feed-
back energy is a small fraction of the binding energy of
the clusters and has a minimal effect on the pressure
profile of massive clusters. The upper-left panel of Fig-
ure 1 shows how εf changes the pressure profile in a
cluster-mass halo at z = 0. Increasing εf by factor of ∼
100 changes the pressure profile by few percent at radii
R < R500 and increases to about 30% at 3R500. This is
in qualitative agreement with the findings from hydrody-
namical simulations including AGN feedback which indi-
cate the impact of AGN feedback is more pronounced in

SZ power spectrum
distribution

about 95% of the signal comes 

from M500> 1e14 & z<1

(also Trac et al 2011)
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Astrophysical Uncertainties of the Skewness Spectrum:
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Fig. 5.— Astrophysical uncertainties in the SZ skewness spec-
trum. The solid line represents the fiducial model and the shaded
region indicates astrophysical uncertainty for the ICM parameter
range in Table 1. At l = 3000, the astrophysical uncertainties are
∼ 33%.

Fig. 6.— Scaling of BSZ −AtSZ for the skewness spectrum when
σ8 varies from 0.7 to 0.9. The relations are relatively robust to
the changes in gas physics and vary by only < 7% (shaded area)
for the allowed ICM parameter range in Table 1. The dashed lines
indicate the uncertainty range bracketed by the two extreme gas
physics scenarios.

arises from massive lower redshift objects; i.e., 〈M500〉 !
5× 1014h−1M" at 〈z〉 " 0.4, and hence is relatively less
sensitive to the variation in ICM parameters compared
to the power spectrum case (c.f. Figure 7 in S10). Fig-
ure 5 shows the gas physics uncertainty in the skewness
spectrum to be about 33%.

Fig. 7.— Dependence of the skewness spectrum on the cosmo-
logical parameters: σ8, Ωb, h,, w0, Ωm and ns. The fiducial values
are Ωb = 0.045,Ωm = 0.27, σ8 = 0.8, h = 0.71, ns = 0.97 and
w0 = −1. The range of parameters are indicated in the top-left
corner of each panel. The parameter values increase from bottom
to top for σ8, Ωb, h,, and w0 and from top to bottom for Ωm and
ns.

4.3. The relation between the power spectrum and the
skewness spectrum amplitude

Given a measurement of the SZ skewness spectrum am-
plitude, we can predict the expected amplitude of the
thermal SZ power spectrum, namely the BSZ −AtSZ re-
lation (see ??). Recall that the power spectrum and the
skewness spectrum are proportional to the square and
the cube of the pressure profile respectively. If we as-
sume the skewness spectrum and the power spectrum
have the same mass and redshift distribution, then any
changes in gas physics affects the skewness spectrum and
the (power spectrum)1.5 in the same way. However, as
shown in Sec 4.1, the skewness spectrum depends mostly
on the massive clusters at intermediate redshift, while
the power spectrum gets substantial contribution from
higher redshift galaxy groups. Furthermore, the cluster
physics (e.g., feedback) affect the gas properties in groups
than in clusters. Therefore, the BSZ − AtSZ relation is
expected to deviate from the above relation and depends
on both cosmology and cluster astrophysics.

SZ bispectrum. 7

Fig. 4.— Dependence of the SZ skewness spectrum on the cluster gas physics. The solid line indicates the fiducial model with εf =
4 × 10−7, εDM = 0.05, Ac = 1.0,α0 = 0.2, and β = 0.5. The dotted and dashed lines represent the skewness spectrum predicted by our
ICM model for a range of ICM parameter values. The top-left panel shows the variations with εf (red dotted line: 10−5 and black solid
line: 3 × 10−7) and εDM (green dashed lines: 0.0, 0.04, 0.06, and 0.2 from top to bottom); the top-right panel shows the change with Ac

(0.8, 0.9, 1.0, 1.1, 1.2 from bottom to top); the bottom-left panel shows the variations with α0 (0.0, 0.14, 0.2, 0.24, 0.3 from top to bottom);
and the bottom-right panel shows the variation with β (−1, 0, 0.5, 1 from top to bottom).

especially at high !. As a result, εf shows more varia-
tions at ! = 8000 (group scales) than at ! = 2000 (cluster
scales) (see Fig. 7 of S10).
Increasing the normalization of the concentration-mass

relation (Ac) deepens the potential well of the clusters
which steepens the pressure profiles. The top-right panel
of Figure 4 shows the change in the skewness spectrum
is about ± 30% for a ± 20% change in Ac (compared to
the power spectrum where the variation is ∼ 20%). This
can be understood from the fact that the skewness ampli-
tude is ∝(power spectrum)1.5, so a 20% change in power
spectrum corresponds to a 30% change in the skewness
spectrum. Also note that in contrast to the case of εf ,
the effect of Ac is not significantly mass-dependent.
The lower-left panel shows the effect on the skewness

spectrum of varying the non-thermal pressure parame-

ter α0. The skewness spectrum changes by about 70%
accross the range α0 = 0 − 0.3. As the SZ skewness
spectrum gets most of its signal from massive clusters
at 〈z〉 = 0.4, the uncertainty in the z-evolution of the
non-thermal pressure (β) contributes only about 20% un-
certainty to the SZ skewness spectrum. The SZ power
spectrum, on the other hand gets its signal from high-z
objects and as a result β adds ∼ 30−40% uncertainty in
the SZ power spectrum (bottom-right panel of Figure 7
in S10).
Figure 5 shows the astrophysical uncertainties in the

shaded area around the fiducial model. Here, the to-
tal uncertainty is computed by adding the uncertainties
(that satisfy the uncertainty in the observed pressure
profile) in each ICM parameter in quadrature. On av-
erage, about 75 − 80% of the skewness spectrum signal

theoretical uncertainty 
in the skewness 
spectrum ~33% 
(compared to the 40-50% 
uncertainty in the SZ 
power spectrum)

33%

feedback

halo profiles

non-thermal 
normalization z evolution
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Fig. 5.— Astrophysical uncertainties in the SZ skewness spec-
trum. The solid line represents the fiducial model and the shaded
region indicates astrophysical uncertainty for the ICM parameter
range in Table 1. At l = 3000, the astrophysical uncertainties are
∼ 33%.

Fig. 6.— Scaling of BSZ −AtSZ for the skewness spectrum when
σ8 varies from 0.7 to 0.9. The relations are relatively robust to
the changes in gas physics and vary by only < 7% (shaded area)
for the allowed ICM parameter range in Table 1. The dashed lines
indicate the uncertainty range bracketed by the two extreme gas
physics scenarios.

arises from massive lower redshift objects; i.e., 〈M500〉 !
5× 1014h−1M" at 〈z〉 " 0.4, and hence is relatively less
sensitive to the variation in ICM parameters compared
to the power spectrum case (c.f. Figure 7 in S10). Fig-
ure 5 shows the gas physics uncertainty in the skewness
spectrum to be about 33%.

Fig. 7.— Dependence of the skewness spectrum on the cosmo-
logical parameters: σ8, Ωb, h,, w0, Ωm and ns. The fiducial values
are Ωb = 0.045,Ωm = 0.27, σ8 = 0.8, h = 0.71, ns = 0.97 and
w0 = −1. The range of parameters are indicated in the top-left
corner of each panel. The parameter values increase from bottom
to top for σ8, Ωb, h,, and w0 and from top to bottom for Ωm and
ns.

4.3. The relation between the power spectrum and the
skewness spectrum amplitude

Given a measurement of the SZ skewness spectrum am-
plitude, we can predict the expected amplitude of the
thermal SZ power spectrum, namely the BSZ −AtSZ re-
lation (see ??). Recall that the power spectrum and the
skewness spectrum are proportional to the square and
the cube of the pressure profile respectively. If we as-
sume the skewness spectrum and the power spectrum
have the same mass and redshift distribution, then any
changes in gas physics affects the skewness spectrum and
the (power spectrum)1.5 in the same way. However, as
shown in Sec 4.1, the skewness spectrum depends mostly
on the massive clusters at intermediate redshift, while
the power spectrum gets substantial contribution from
higher redshift galaxy groups. Furthermore, the cluster
physics (e.g., feedback) affect the gas properties in groups
than in clusters. Therefore, the BSZ − AtSZ relation is
expected to deviate from the above relation and depends
on both cosmology and cluster astrophysics.

• SZ power spectrum gets about 30-50% signal 

     from groups and high-z clusters vs. bispectrum

     gets only 5% signal from such objects.

• power spectrum measures a combination of

     kinetic+thermal SZ (and point sources)

     vs. kinetic SZ bispectrum =0, so bispectrum 

     measures thermal SZ only.

• define the SZ skewness spectrum amplitude

    @ l=3000:

•  define the SZ power spectrum amplitude @l=3000: 

• Asz-Bsz relation is extremely robust. Change in gas physics changes it only by 15%. 
The power spectrum over the same range changes by factor of 4.   

• A combination of Asz and Bsz amplitude can break the degeneracy of the thermal 
and the kinetic SZ amplitude.

SZ bispectrum. 3

data with a S/N≈ 10, assuming a perfect subtraction of
the primary CMB signal.
The bispectrum in the CMB map can be measured by

using three Fourier transformed CMB temperature val-
ues that satisfy the triangle rules, then taking the ensem-
ble average over the entire dataset. The full information
of the non-gaussianity (primordial or late time) can in
principle be obtained by summing over all possible such
ensemble averaged triangles. Indeed sum over all tri-
angles is the Fourier transform of the skewness of the
map and is a single number. A non-zero skewness is a
simple way to detect the non-gaussian signal. In reality
however if the goal is to distinguish a particular type of
non-gaussian signal from the rest, a skewness may not
be the optimal measureable quantity. One can however
measure a skewness type spectrum where two sides of
the triangle is summed over to measure the skewness as
a function of the third side (Munshi & Heavens 2010).
An analogous statistics in real space have also been pro-
posed to measure skewness as a function os angular scale
Cooray et al. (2000). Unlike the real space statistics, the
skewness spectrum in Fourier space have the advantage
of producing spectrally distinguisible bispectrum signal
from different sources. Owing to these advantages, we
use the Fourier space skewness spectrum to study the SZ
bispectrum.
The CMB temperature fluctuations ∆θ(n̂) in a certain

direction, n̂, can be expanded into spherical harmonics
as

a!m =

∫

d2n̂
∆T

T
Y ∗
lm(n̂) (4)

The angular bispectrum is Bm1m2m3

!1!2!3
=

〈al1m1
al2m2

al3m3
〉 and the angle-averaged quantity

in the full sky limit can be written as

B(l1l2l3) = Σm1m2m3

(

"1 "2 "3
m1 m2 m3

)

Bm1m2m3

l1l2l3
(5)

and has to satisfy the triangle rules namely, m1 +m2 +
m3 = 0, "1 + "2 + "3= even, and |li − lj | ≤ lk ≥ li + lj .
The angular bispectrum Bl1l2l3 can then be written as

B("1"2"3)=

√

(2"1 + 1)(2"2 + 1)(2"3 + 1)

4π

(

"1 "2 "3
0 0 0

)

(6)

× b("1"2"3)

where b("1"2"3) is the flat-sky bispectrum as shown in
Hu (2000). Since for the tSZ bispectrum we will be in-
terested in measuring the signal at " > 2000, a flat sky
approximation is justified and all the results in this study
show b("1"2"3). We will refer to b("1"2"3) as the bispec-
trum for brevity and for the tSZ case is defined in Eq. 9
in Section 2.3.
We sum over the two smaller sides of the triangles and

show the bispectrum as a function of the largest side of
the triangle and write a skewness spectrum as

Λ(") =
"2

2π

√

Σ!1!2b2(""1"2) (7)

The signal-to-noise integrated to a certain ", also known
as the normalised spectrum (Komatsu et al. 2002), λ(<

") or λl is similarly defined as

λ(< ") =

√

Σ!
!1
Σ!2!3

b2("1"2"3)

N2("1"2"3)
(8)

2.3. SZ bispectrum

The tSZ bispectrum is the cube of the Fourier trans-
form of the pressure profile, then summed up over all the
cluster and groups, namely

b("1"2"3)= f(xν)
3

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
× ỹ(M, z, "1)ỹ(M, z, "2)ỹ(M, z, "3) (9)

The noise of the SZ bispectrum (in the gaussian limit)
is given by

N("1"2"3) = C("1)C("2)C("3) (10)

where C(") is the total power spectrum that includes
the lensed CMB power spectrum, point sources-dusty
galaxies (DSFG) (Poisson+correlated) and radio sources
(Poisson), the beam noise and the SZ power spectrum.
The beam noise is given by (Knox 1995; Jungman et al.
1996)

Nb(") = fskyw
−1 exp

[

l2θ2fwhm

8 ln 2

]

(11)

where fsky is the fraction of the sky covered by the as-
sumed surveys, w−1 = [σpixθfwhm/TCMb]2, σpix is the
noise per pixel, θfwhm is the resolution at full width at
half maximum assuming a gaussian beam, TCMB is the
CMB temperature. In this study we show all the re-
sults at 95 GHz. We assume all sources above 5σ at
150 GHz is detected and removed from the 95 GHz map.
The power of the unresolved DSFG sources at 95 GHz
are 6× 10−7µk2 (Poisson) and 5× 10−7("/3000)−1.2µk2

(clustered) and the radio sources are 4.95 × 10−6µk2

(Poisson) at 95 GHz (Reichardt et al. 2011). The lensed
CMB power spectrum is calculated using CAMB (Lewis
et al. 2000). The SZ power spectrum is calculated using
Eq. ??.
We study the relation between the SZ amplitude of

the power spectrum (ASZ) and the bispectrum (BSZ) in
section 4.3. Usually Asz is defined as the ratio of the
measured to the theoretical prediction at " = 3000. In
this study, we analogously define Asz as the ratio of the
power spectrum amplitude at non-fiducial cosmology to
that at σ8 = 0.8. Thus,

Asz = C3000(σ8)/C3000(0.8) (12)

Similarly we define the amplitude of the bispectrum as

Bsz = Λ4000(σ8)/Λ4000(0.8) (13)

Thus at the fiducial cosmology Bsz = ASZ = 1. We
choose to define Bsz at the mean of the " range (2000-
6000) over which most of the signal comes from or at
" = 4000.
The signal-to-noise for any particular triangle type is

< 1. However as we will show in section 4.4, the SZ
amplitude from the skewness spectrum can be detected
at high signal-to-noise when summed over all possible
triangles configurations.
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data with a S/N≈ 10, assuming a perfect subtraction of
the primary CMB signal.
The bispectrum in the CMB map can be measured by

using three Fourier transformed CMB temperature val-
ues that satisfy the triangle rules, then taking the ensem-
ble average over the entire dataset. The full information
of the non-gaussianity (primordial or late time) can in
principle be obtained by summing over all possible such
ensemble averaged triangles. Indeed sum over all tri-
angles is the Fourier transform of the skewness of the
map and is a single number. A non-zero skewness is a
simple way to detect the non-gaussian signal. In reality
however if the goal is to distinguish a particular type of
non-gaussian signal from the rest, a skewness may not
be the optimal measureable quantity. One can however
measure a skewness type spectrum where two sides of
the triangle is summed over to measure the skewness as
a function of the third side (Munshi & Heavens 2010).
An analogous statistics in real space have also been pro-
posed to measure skewness as a function os angular scale
Cooray et al. (2000). Unlike the real space statistics, the
skewness spectrum in Fourier space have the advantage
of producing spectrally distinguisible bispectrum signal
from different sources. Owing to these advantages, we
use the Fourier space skewness spectrum to study the SZ
bispectrum.
The CMB temperature fluctuations ∆θ(n̂) in a certain

direction, n̂, can be expanded into spherical harmonics
as

a!m =
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∆T
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Y ∗
lm(n̂) (4)

The angular bispectrum is Bm1m2m3

!1!2!3
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al3m3
〉 and the angle-averaged quantity

in the full sky limit can be written as

B(l1l2l3) = Σm1m2m3

(

"1 "2 "3
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)

Bm1m2m3

l1l2l3
(5)

and has to satisfy the triangle rules namely, m1 +m2 +
m3 = 0, "1 + "2 + "3= even, and |li − lj | ≤ lk ≥ li + lj .
The angular bispectrum Bl1l2l3 can then be written as

B("1"2"3)=

√

(2"1 + 1)(2"2 + 1)(2"3 + 1)

4π

(

"1 "2 "3
0 0 0

)

(6)

× b("1"2"3)

where b("1"2"3) is the flat-sky bispectrum as shown in
Hu (2000). Since for the tSZ bispectrum we will be in-
terested in measuring the signal at " > 2000, a flat sky
approximation is justified and all the results in this study
show b("1"2"3). We will refer to b("1"2"3) as the bispec-
trum for brevity and for the tSZ case is defined in Eq. 9
in Section 2.3.
We sum over the two smaller sides of the triangles and

show the bispectrum as a function of the largest side of
the triangle and write a skewness spectrum as

Λ(") =
"2

2π

√

Σ!1!2b2(""1"2) (7)

The signal-to-noise integrated to a certain ", also known
as the normalised spectrum (Komatsu et al. 2002), λ(<

") or λl is similarly defined as

λ(< ") =

√

Σ!
!1
Σ!2!3

b2("1"2"3)

N2("1"2"3)
(8)

2.3. SZ bispectrum

The tSZ bispectrum is the cube of the Fourier trans-
form of the pressure profile, then summed up over all the
cluster and groups, namely

b("1"2"3)= f(xν)
3

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
× ỹ(M, z, "1)ỹ(M, z, "2)ỹ(M, z, "3) (9)

The noise of the SZ bispectrum (in the gaussian limit)
is given by

N("1"2"3) = C("1)C("2)C("3) (10)

where C(") is the total power spectrum that includes
the lensed CMB power spectrum, point sources-dusty
galaxies (DSFG) (Poisson+correlated) and radio sources
(Poisson), the beam noise and the SZ power spectrum.
The beam noise is given by (Knox 1995; Jungman et al.
1996)

Nb(") = fskyw
−1 exp

[

l2θ2fwhm

8 ln 2

]

(11)

where fsky is the fraction of the sky covered by the as-
sumed surveys, w−1 = [σpixθfwhm/TCMb]2, σpix is the
noise per pixel, θfwhm is the resolution at full width at
half maximum assuming a gaussian beam, TCMB is the
CMB temperature. In this study we show all the re-
sults at 95 GHz. We assume all sources above 5σ at
150 GHz is detected and removed from the 95 GHz map.
The power of the unresolved DSFG sources at 95 GHz
are 6× 10−7µk2 (Poisson) and 5× 10−7("/3000)−1.2µk2

(clustered) and the radio sources are 4.95 × 10−6µk2

(Poisson) at 95 GHz (Reichardt et al. 2011). The lensed
CMB power spectrum is calculated using CAMB (Lewis
et al. 2000). The SZ power spectrum is calculated using
Eq. ??.
We study the relation between the SZ amplitude of

the power spectrum (ASZ) and the bispectrum (BSZ) in
section 4.3. Usually Asz is defined as the ratio of the
measured to the theoretical prediction at " = 3000. In
this study, we analogously define Asz as the ratio of the
power spectrum amplitude at non-fiducial cosmology to
that at σ8 = 0.8. Thus,

Asz = C3000(σ8)/C3000(0.8) (12)

Similarly we define the amplitude of the bispectrum as

Bsz = Λ4000(σ8)/Λ4000(0.8) (13)

Thus at the fiducial cosmology Bsz = ASZ = 1. We
choose to define Bsz at the mean of the " range (2000-
6000) over which most of the signal comes from or at
" = 4000.
The signal-to-noise for any particular triangle type is

< 1. However as we will show in section 4.4, the SZ
amplitude from the skewness spectrum can be detected
at high signal-to-noise when summed over all possible
triangles configurations.
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To investigate the dependence of the BSZ −AtSZ rela-
tion on cluster physics and cosmology, we vary σ8 from
0.7 − 0.9 in steps of 0.05 and compute the BSZ − AtSZ
relation for each value of σ8 for our fiducial gas physics
model. Figure 6 shows that the skewness spectrum am-
plitude is proportional to the power spectrum amplitude,

BΛ
SZ(" = 3000) = A1.4

tSZ(" = 3000). (17)

This is slightly different from the expected C1.5
l behavior,

primarily because the skewness spectrum signal comes
from the more massive clusters which have different de-
pendence on the cosmological parameters compared to
groups. Next we investigate the variation of the scaling
relation with the ICM parameters. Within the range of
the ICM parameters considered in Table 1, we find the
BSZ −AtSZ relation is robust and does not vary by more
than 7% (shaded area in Figure 6). The tight scaling is
because both the power spectrum and the skewness spec-
trum depend on the pressure profile and any change in
gas physics changes the pressure profile. As a result, the
amplitudes of the two spectrum varies in similar ways for
different assumptions of gas physics.
To check the robustness of the relation further, we

consider two extreme gas physics scenarios, such that
the SZ power spectrum varies from 2.5− 10µk2 (roughly
by factor of ∼ 4) which is roughly twice the theoretical
uncertainty assumed in the current SZ power spectrum
analysis (Reichardt et al. 2011). The first case is where
the pressure profile amplitude is maximally suppressed
by high feedback and non-thermal pressure and low con-
centration with εf = 10−5, εDM = 0.1, α0 = 0.3, and
Ac = 0.8. The second case other case consist of the
parameter choice that predict a higher amplitude where
εf = εDM = α0 = 0.0 and Ac = 1.2. We find that even
for the two extreme gas physics scenarios the ASZ −BSZ
has an overall uncertainty of only by∼ 15% (indicated by
dashed lines in Fig 6). The slope of the relation changes
from 1.33 to 1.47 between these two cases. This is en-
couraging as using the skewness spectrum data we can
measure BSZ, then use the theory to derive AtSZ from
BSZ measurement.
The relation in Eq. 17 implies the skewness spectrum

amplitude varies as σ11.4
8 . We also investigate how the

skewness spectrum varies with other cosmological param-
eters. Figure 7 shows the variation of the skewness spec-
trum with σ8 and Ωb. Each panel shows how each cosmo-
logical parameter changes the skewness spectrum while
other parameters are fixed at their respective fiducial val-
ues. The range of the cosmological parameters are shown
in the figure and represents the current parameter con-
straints. The figure shows that the skewness spectrum
depends very sensitively on σ8, and the amplitude varies
roughly as BΛ

SZ ∝ σ11
8 . The variations with Ωb is mod-

erate, while Ωm, h, w0, and ns show much smaller vari-
ation. We find the SZ amplitude for the skewness spec-
trum roughly follows the cosmology scaling at " = 3000
as

BΛ
SZ∝

( σ8

0.8

)11.4
(

Ωb

0.04

)4 ( h

0.71

)2 ( w0

−1.0

)−0.95

(18)

×
( ns

0.96

)−1.5
(

Ωm

0.26

)−0.46

Note that not all cosmological parameters follow a sim-
ple BSZ = A1.4

SZ relation. The difference in scaling is
due to the different range of masses in the mass function
contributing to the skewness spectrum and the power
spectrum.

5. DETECTIBILITY

We now assess the detectability of the SZ skew-
ness spectrum in the presence of other secondary CMB
anisotropy signals and extra-galactic foregrounds. We
focus on the high-" regime where the lensing of primary
CMB will have negligible skewness spectrum. Other than
the thermal SZ effect, point source – dusty, star-forming
galaxies (DSFGs), and the radio sources – will also con-
tribute to the skewness spectrum signal. Assuming that
the clustered component of the DSFGs follows the Gaus-
sian distribution, the skewness spectrum of the corre-
lated DSFG is zero. As mentioned before, the kinetic SZ
follow approximately Gaussian distribution and is thus
assumed to have negligible skewness. We also ignore a
possible skewness spectrum signal arising from the cor-
relation between the SZ effect and the DSFG sources.

5.1. Noise Estimates

The noise of the total skewness spectrum, assuming the
primary contribution to the variance of the bispectrum
comes from the power spectrum of the CMB sky, is given
by Komatsu & Spergel (2001)

N2("1"2"3) = C("1)C("2)C("3)∆!1!2!3 , (19)

where C(") is the total power spectrum that includes
contributions from (1) the SZ power spectrum computed
using Eq. 2, (2) the lensed CMB power spectrum com-
puted using CAMB for the fiducial cosmology (Lewis
et al. 2000), (3) the noise due to the finite resolution
of an experiment, and (4) point sources, including dusty
star-forming galaxies (DSFG) and radio sources. Note
that ∆!1!2!3 = 6 if all three "s are equal, 2 of them are
equal and 1 if all of them are different. We describe the
estimate of (3) and (4) in more detail below.

Instrumental Noise: The noise due to the finite resolu-
tion of the experiment is given by Knox (1995); Jungman
et al. (1996)

Nb(") = w−1 exp

[

"2θ2

8 log 2

]

, (20)

where fsky is the fraction of the sky covered by the as-
sumed surveys, w−1 = [σpixθ/TCMB]2 is the weight per
unit solid angle, σpix is the noise per pixel, θ is the
FWHM of the instrument in radians, TCMB is the CMB
temperature. Here we consider an SPT like survey with
fsky given by 2500 deg2 sky coverage, σpix is set by
18 µK-arcmin at 150 GHz with the pixel size set by a
Gaussian beam of FWHM=1.2 arcmin.

Point sources: The powers of the unresolved DSFG
sources at 150 GHz are given by 5.25 × 10−6µk2 (Pois-
son) and 4.4×10−6("/3000)−1.2µk2 (clustered), and that
of the radio sources is 9× 10−7µk2 (Poisson) at 150 GHz
(Reichardt et al. 2011).

5.2. Point Source Bispectrum

Cosmic Complementarity->
=> SZ bispectrum contrains σ8Ωb^0.36
complementary to clusters which 
constrains σ8Ωm^0.4

=> mask out the clusters used in the
SZ mass function:
=> measure bispectrum of the map=> 
constrain σ8 
=> independent of the cluster 
constraints 
=> joint constraints from bispectrum
+abundance

8 Bhattacharya et. al.

Fig. 5.— Astrophysical uncertainties in the SZ skewness spec-
trum. The solid line represents the fiducial model and the shaded
region indicates astrophysical uncertainty for the ICM parameter
range calibrated by the observed pressure profile (see Section 3).
At l = 3000, the astrophysical uncertainties are ∼ 33%.

Fig. 6.— Scaling of BSZ −AtSZ for the skewness spectrum when
σ8 varies from 0.7 to 0.9. The relations are relatively robust to the
changes in gas physics and vary by only ∼ 7% (shaded area) for the
allowed ICM parameter range calibrated by the observed pressure
profile (see Section 3). The dashed lines indicate the uncertainty
range bracketed by the two extreme gas physics scenarios.

tion of the skewness spectrum for the fiducial values of
cosmological and ICM parameters.

4.3. The relation between the power spectrum and the
skewness spectrum amplitude

Given a measurement of the SZ skewness spectrum am-
plitude, we can predict the expected amplitude of the
thermal SZ power spectrum, namely the BSZ − AtSZ re-
lation. Recall that the power spectrum and the skew-

Fig. 7.— Dependence of the skewness spectrum on σ8 and Ωb.
The fiducial values are Ωb = 0.045 and σ8=0.8. The range of
parameters are indicated in the top-right corner of each panel. The
parameter values increase from bottom to top.

" "2/(2π)Λ(l)µK3

1000 0.66
2000 0.69
3000 0.56
4000 0.44
5000 0.35
6000 0.28

TABLE 3
The theoretical prediction of the skewness spectrum for
the fiducial values of ICM and cosmology parameters.

ness spectrum are proportional to the square and the
cube of the pressure profile, respectively. If we assume
the skewness spectrum and the power spectrum have the
same mass and redshift distribution, then any changes
in gas physics affects the skewness spectrum and (power
spectrum)1.5 in the same way. However, as shown in
Sec 4.1, the skewness spectrum depends mostly on the
massive clusters at intermediate redshift, while the power
spectrum receives a substantial contribution from higher
redshift galaxy groups. Furthermore, the cluster physics
affect the gas properties in lower mass structures more
than in clusters. Therefore, the BSZ − AtSZ relation is

Scaling of the bispectrum amplitude
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The SZ Skewness Spectrum

• define the SZ skewness spectrum as sum over the 
two smaller sides and expressed as a function of 
the largest l:

• and signal-to-noise integrated to certain l:
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where the angle-averaged quantity in the full sky limit
can be written as

B(l1l2l3) =
∑

m1m2m3

(

!1 !2 !3
m1 m2 m3

)

Bm1m2m3

l1l2l3
, (6)

which has to satisfy the conditions: m1 +m2 +m3 = 0,
!1+!2+!3= even, and |li− lj | ≤ lk ≥ li+ lj. The angular
bispectrum Bl1l2l3 can then be written as

B(!1!2!3)=

√

(2!1 + 1)(2!2 + 1)(2!3 + 1)

4π

(

!1 !2 !3
0 0 0

)

(7)

× b(!1!2!3),

where B(!1!2!3) is the full-sky bispectrum and the
b(!1!2!3) is the flat-sky bispectrum (Hu 2000). The re-
lation in Eq. 7 is valid for ! > 500 when the prefactor in
Eq. 7 approaches 1.
Throughout this work, we will be interested in mea-

suring the signal at ! > 2000, a flat sky approxima-
tion is justified and most of the results shown in this
study shows the flat-sky bispectrum; namely, b(!1!2!3)
(we will refer to b(!1!2!3) as the bispectrum for brevity
and B(!1!2!3) as the full-sky bispectrum). Note further
that, for ! > 500, the Wigner 3-j symbol can be approx-
imated as
(

!1 !2 !3
0 0 0

)

=

√

2

π

(−1)L/2

[L(L− 2!1)(L − 2!2)(L − 2!3)]1/4

(8)
for L = !1 + !2 + !3 even and vanishes for L=odd.
The thermal SZ bispectrum is the volume integral of

the cube of the Fourier transform of the pressure profile
weighted by the halo mass function,

b(!1!2!3)= f(xν)
3

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
× ỹ(M, z, !1)ỹ(M, z, !2)ỹ(M, z, !3), (9)

We sum over the two smaller values of !s and write the
bispectrum as a function of the largest !. We thus define
the skewness spectrum as

Λ(!) =

√

∑

"1"2

b2(!!1!2). (10)

In previous works, the amplitude of the thermal SZ
power spectrum has been defined in terms of the ex-
pected amplitude at ! = 3000 for a given set of cos-
mological parameters (Lueker et al. 2010; Shirokoff et al.
2010; Reichardt et al. 2011; Dunkley et al. 2010). In
this study, we define AtSZ as the ratio of the thermal SZ
power spectrum amplitude at non-fiducial cosmology to
that at σ8 = 0.8 as

AtSZ ≡
C3000(σ8)

C3000(σ8 = 0.8)
. (11)

Similarly, we define the amplitude of the skewness spec-
trum as

BSZ ≡
Λ3000(σ8)

Λ3000(σ8 = 0.8)
. (12)

where Λ3000 is the amplitude of the skewness spectrum
at ! = 3000. BSZ = AtSZ = 1 for the fiducial cosmology.

Parameters Fiducial Range

Dark Matter concentration (AC) 1 0.8− 1.2

Energy Feedback (εf ) 4× 10−7 (1-100)×10−7

Dynamical Friction Heating (εDM ) 0.05 0.0− 0.1

Non-thermal pressure normalization (α0) 0.2 0.0− 0.3

Non-thermal pressure evolution (β) 0.5 −1−+1

TABLE 1
Fiducial values and the uncertainty range in the ICM

parameters.

Given that the skewness spectrum is proportional to the
cube of the pressure profile the expected relation between
BSZ and AtSZ is BSZ = A1.5

tSZ, assuming similar mass and
redshift distribution of the power spectrum and the bis-
pectrum. In Section 4.3, we study the relation between
the SZ amplitude of the power spectrum (AtSZ) and the
skewness spectrum (BSZ) in more detail.

3. MODELING THE INTRA-CLUSTER MEDIUM

To calculate the thermal pressure profiles of groups
and clusters, we use the physically motivated analytic
model presented in S10. Here we briefly describe the key
features of the model, and refer the readers to S10 for
more details.
The model assumes that intra-cluster gas resides in hy-

drostatic equilibrium within the gravitational potential
of the host dark matter halo,

dPtot(r)

dr
= −ρg(r)

dΦ(r)

dr
, (13)

where ρg(r) is the gas density at radius r from the clus-
ter center, the total pressure, Ptot(r) = Pth(r) + Pnt(r),
is given by a sum of thermal and non-thermal pressures,
and φ(r) is the gravitational potential. The gas is as-
sumed to have a polytropic equation of state, Ptot =
P0(ρg/ρ0)Γ, where Γ = 1.2 and P0 and ρ0 are the central
gas pressure and density respectively. The total mass dis-
tribution is assumed to follow the Navarro-Frenk-White
(NFW) profile (Navarro et al. 1996, 1997),

ρtot(r) =
ρs

x(1 + x)2
, (14)

where ρs is the normalization constant, x = r/rs, and
rs is the characteristic radius and can be defined in
terms of the concentration of halos, rs = rvir/cvir where
“vir” refers to the virial overdensity (Bryan & Norman
1998) with respect to the critical density of the universe.
We adopt the concentration-mass relation given in Duffy
et al. (2008):

cvir(M, z) = 7.85Ac

(

Mvir

2× 1012h−1M"

)−0.081

(1+z)−0.71,

(15)
where Ac is the normalization factor, with the fiducial
value Ac = 1. Note that the gas is distributed as a
massless tracer of dark matter distribution.
The model accounts for non-gravitational processes

that affect the thermal properties of the ICM includ-
ing star formation, energy feedback from and super-
novae (SNe) and Active Galactic Nuclei (AGN), and non-
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data with a S/N≈ 10, assuming a perfect subtraction of
the primary CMB signal.
The bispectrum in the CMB map can be measured by

using three Fourier transformed CMB temperature val-
ues that satisfy the triangle rules, then taking the ensem-
ble average over the entire dataset. The full information
of the non-gaussianity (primordial or late time) can in
principle be obtained by summing over all possible such
ensemble averaged triangles. Indeed sum over all tri-
angles is the Fourier transform of the skewness of the
map and is a single number. A non-zero skewness is a
simple way to detect the non-gaussian signal. In reality
however if the goal is to distinguish a particular type of
non-gaussian signal from the rest, a skewness may not
be the optimal measureable quantity. One can however
measure a skewness type spectrum where two sides of
the triangle is summed over to measure the skewness as
a function of the third side (Munshi & Heavens 2010).
An analogous statistics in real space have also been pro-
posed to measure skewness as a function os angular scale
Cooray et al. (2000). Unlike the real space statistics, the
skewness spectrum in Fourier space have the advantage
of producing spectrally distinguisible bispectrum signal
from different sources. Owing to these advantages, we
use the Fourier space skewness spectrum to study the SZ
bispectrum.
The CMB temperature fluctuations ∆θ(n̂) in a certain

direction, n̂, can be expanded into spherical harmonics
as

a!m =

∫

d2n̂
∆T

T
Y ∗
lm(n̂) (4)

The angular bispectrum is Bm1m2m3
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〈al1m1
al2m2

al3m3
〉 and the angle-averaged quantity

in the full sky limit can be written as

B(l1l2l3) = Σm1m2m3

(

"1 "2 "3
m1 m2 m3

)

Bm1m2m3

l1l2l3
(5)

and has to satisfy the triangle rules namely, m1 +m2 +
m3 = 0, "1 + "2 + "3= even, and |li − lj | ≤ lk ≥ li + lj .
The angular bispectrum Bl1l2l3 can then be written as

B("1"2"3)=

√

(2"1 + 1)(2"2 + 1)(2"3 + 1)

4π

(

"1 "2 "3
0 0 0

)

(6)

× b("1"2"3)

where b("1"2"3) is the flat-sky bispectrum as shown in
Hu (2000). Since for the tSZ bispectrum we will be in-
terested in measuring the signal at " > 2000, a flat sky
approximation is justified and all the results in this study
show b("1"2"3). We will refer to b("1"2"3) as the bispec-
trum for brevity and for the tSZ case is defined in Eq. 9
in Section 2.3.
We sum over the two smaller sides of the triangles and

show the bispectrum as a function of the largest side of
the triangle and write a skewness spectrum as

Λ(") =
"2

2π

√

Σ!1!2b2(""1"2) (7)

The signal-to-noise integrated to a certain ", also known
as the normalised spectrum (Komatsu et al. 2002), λ(<

") or λl is similarly defined as

λ(< ") =

√

Σ!
!1
Σ!2!3

b2("1"2"3)

N2("1"2"3)
(8)

2.3. SZ bispectrum

The tSZ bispectrum is the cube of the Fourier trans-
form of the pressure profile, then summed up over all the
cluster and groups, namely

b("1"2"3)= f(xν)
3

∫

dz
dV

dz

∫

d lnM
dn(M, z)

d lnM
× ỹ(M, z, "1)ỹ(M, z, "2)ỹ(M, z, "3) (9)

The noise of the SZ bispectrum (in the gaussian limit)
is given by

N("1"2"3) = C("1)C("2)C("3) (10)

where C(") is the total power spectrum that includes
the lensed CMB power spectrum, point sources-dusty
galaxies (DSFG) (Poisson+correlated) and radio sources
(Poisson), the beam noise and the SZ power spectrum.
The beam noise is given by (Knox 1995; Jungman et al.
1996)

Nb(") = fskyw
−1 exp

[

l2θ2fwhm

8 ln 2

]

(11)

where fsky is the fraction of the sky covered by the as-
sumed surveys, w−1 = [σpixθfwhm/TCMb]2, σpix is the
noise per pixel, θfwhm is the resolution at full width at
half maximum assuming a gaussian beam, TCMB is the
CMB temperature. In this study we show all the re-
sults at 95 GHz. We assume all sources above 5σ at
150 GHz is detected and removed from the 95 GHz map.
The power of the unresolved DSFG sources at 95 GHz
are 6× 10−7µk2 (Poisson) and 5× 10−7("/3000)−1.2µk2

(clustered) and the radio sources are 4.95 × 10−6µk2

(Poisson) at 95 GHz (Reichardt et al. 2011). The lensed
CMB power spectrum is calculated using CAMB (Lewis
et al. 2000). The SZ power spectrum is calculated using
Eq. ??.
We study the relation between the SZ amplitude of

the power spectrum (ASZ) and the bispectrum (BSZ) in
section 4.3. Usually Asz is defined as the ratio of the
measured to the theoretical prediction at " = 3000. In
this study, we analogously define Asz as the ratio of the
power spectrum amplitude at non-fiducial cosmology to
that at σ8 = 0.8. Thus,

Asz = C3000(σ8)/C3000(0.8) (12)

Similarly we define the amplitude of the bispectrum as

Bsz = Λ4000(σ8)/Λ4000(0.8) (13)

Thus at the fiducial cosmology Bsz = ASZ = 1. We
choose to define Bsz at the mean of the " range (2000-
6000) over which most of the signal comes from or at
" = 4000.
The signal-to-noise for any particular triangle type is

< 1. However as we will show in section 4.4, the SZ
amplitude from the skewness spectrum can be detected
at high signal-to-noise when summed over all possible
triangles configurations.

8 Bhattacharya et. al.

Fig. 5.— Astrophysical uncertainties in the SZ skewness spec-
trum. The solid line represents the fiducial model and the shaded
region indicates astrophysical uncertainty for the ICM parameter
range calibrated by the observed pressure profile (see Section 3).
At l = 3000, the astrophysical uncertainties are ∼ 33%.

Fig. 6.— Scaling of BSZ −AtSZ for the skewness spectrum when
σ8 varies from 0.7 to 0.9. The relations are relatively robust to the
changes in gas physics and vary by only ∼ 7% (shaded area) for the
allowed ICM parameter range calibrated by the observed pressure
profile (see Section 3). The dashed lines indicate the uncertainty
range bracketed by the two extreme gas physics scenarios.

tion of the skewness spectrum for the fiducial values of
cosmological and ICM parameters.

4.3. The relation between the power spectrum and the
skewness spectrum amplitude

Given a measurement of the SZ skewness spectrum am-
plitude, we can predict the expected amplitude of the
thermal SZ power spectrum, namely the BSZ − AtSZ re-
lation. Recall that the power spectrum and the skew-

Fig. 7.— Dependence of the skewness spectrum on σ8 and Ωb.
The fiducial values are Ωb = 0.045 and σ8=0.8. The range of
parameters are indicated in the top-right corner of each panel. The
parameter values increase from bottom to top.

" "2/(2π)Λ(l)µK3

1000 0.66
2000 0.69
3000 0.56
4000 0.44
5000 0.35
6000 0.28

TABLE 3
The theoretical prediction of the skewness spectrum for
the fiducial values of ICM and cosmology parameters.

ness spectrum are proportional to the square and the
cube of the pressure profile, respectively. If we assume
the skewness spectrum and the power spectrum have the
same mass and redshift distribution, then any changes
in gas physics affects the skewness spectrum and (power
spectrum)1.5 in the same way. However, as shown in
Sec 4.1, the skewness spectrum depends mostly on the
massive clusters at intermediate redshift, while the power
spectrum receives a substantial contribution from higher
redshift galaxy groups. Furthermore, the cluster physics
affect the gas properties in lower mass structures more
than in clusters. Therefore, the BSZ − AtSZ relation is
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Measurement Prospects From Current Data

• @150 GHz, 1.2’, 18 microk-arcmin, 2500 deg^2

• total S/N~16

• Bispectrum of point sources (dusty and radio 
galaxies) are a contamination (or signal to 
detect!)10 Bhattacharya et. al.

Fig. 8.— Detectability of the SZ skewness spectrum at 150 GHz. The left panel shows the SZ (black solid) and the point sources-
DSFG+radio skewness spectrum (red dotted line). Also shown are the total skewness spectrum: SZ+DSFG+radio (green thin dot-dashed)
and the DSFG+radio skewness spectrum if no point sources are removed from the map (blue short dashed line). The right panel shows the
signal-to-noise integrated to a certain ! of the SZ skewness spectrum (black solid), the total- SZ+DSFG+radio (red dotted). We assume
an SPT like survey with sky coverage of 2500 deg2, 18 µK-arcmin, 1.2 arcmin at 150 GHz.

5.2. Point Source Bispectrum

The DSFG population comprises of a clustered compo-
nent and a Poisson component, both of which contribute
to the point source power spectrum. We assume that
the clustered component produces Gaussian fluctuations
and hence does not contribute to the bispectrum of the
point sources. We thus consider the bispectrum contri-
bution only from the Poisson component of the DSFGs
and the radio galaxies. The Poisson component of the
DSFG typically comprises of two populations: (1) the
bright point sources which are detected by the CMB ex-
periments (Vieira et al. 2010; Marriage et al. 2011) and
(2) the faint sources which follow a shallower distribu-
tion compared to the bright sources, and are undetected
by the current CMB experiments but contribute a signif-
icant portion of the arcminute scale DSFG power mea-
sured in the CMB experiments. Both populations are
expected to contribute to the total point source bispec-
trum.
Given the DSFG flux number counts dN/dS, we can

write the bispectrum of DSFGs as

bDSFG

g3(xν)
=

∫ Smin

0
dS S3 dN

dS
=

NDSFG(> Smin)

3/βDSFG − 1
S3
min,

(21)
where the flux number counts is assumed to vary
as dN/dS ∝ S−β−1, Smin is the flux cut above
which all sources are detected and removed from the
CMB maps, NDSFG(> Smin) is the number density
(per unit solid angle) of the DSFG with S > Smin,
g(xν) = 1/(65.55 MJy sr−1)[sinh(xν/2)/x2

ν]
2, and xν =

ν/(56.8GHz). Similarly, we define the bispectrum of the
radio sources in terms of the radio source power spectrum
as

brad
g3(xν)

=

∫ Smin

0
dS S3 dN

dS
=

Nrad(> Smin)

3/βrad − 1
S3
min. (22)

We assume all point sources above 5σ at 150 GHz are
detected and removed (masked). For the SPT 150 GHz
band, this corresponds to the sensitivity of 18µk-arcmin
or equivalently Smin=5.6 mJy (Vieira et al. 2010). We
adopt the number density of the DSFG to be NDSFG =
0.3 deg−2 (Negrello et al. 2007) and βDSFG = 1.93 for the
total (bright +faint) DSFG population to be consistent
with the total DSFG power spectrum measured in the
CMB surveys (e.g., Reichardt et al. 2011). For the ra-
dio population we adopt Nrad(> Smin) = 1.29 deg−2 and
βrad = 1.03, which is consistent with the 150 GHz source
counts in Vieira et al. (2010). The skewness spectra of
the radio sources and DSFGs are calculated the same
way as the SZ skewness spectrum by plugging Eqs. 21
and 22 in Eq. 10.
The skewness spectrum for the various components at

150 GHz are shown in the left panel of Figure 8. Provided
the point sources that are detected above 5σ in the SPT
band-power are removed, the DSFG and radio popula-
tion make negligible contribution to the skewness spec-
trum at $ ! 4000. Beyond this scale the skewness spec-
tra of point sources and SZ effect become comparable.
If no point sources are removed, then the skewness spec-
trum of the point sources (DSFG+radio) is a factor of 4-5
higher compared to the case with point source removal
and becomes the dominant signal at $ > 5000. Since
the point sources and the SZ bispectrum have opposite
signs, the total skewness spectrum (SZ+point sources) is
smaller than the SZ skewness spectrum alone, especially
at higher-$ where the point source bispectrum becomes
non-negligible.

5.3. Signal-to-Noise

Finally, using Eq. 7, we define the signal-to-noise (S/N)
in terms of the full-sky bispectrum. The S/N integrated
to a certain $ (Komatsu & Spergel 2001; Hu 2000), λ(< $)
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What can we learn from bispectrum+ power spectrum 
combined 

• Adding bispectrum to the power spectrum data improves the constraints on the 
thermal SZ amplitude by factor of 2.

• kinetic SZ amplitude can be detected at 2 sigma level

power spectrum

+bispectrum
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ICM parameter constraints from future experiments

– 5 –

Fig. 1.— Figure shows the SZ power spectrum (left) and the skewness spectrum (right) predictions

for CCAT for three different survey time- 1k hrs , 10k hrs, 100k hrs

Table 5: Parameter constraints (1 (2)σ limits) from MCMC analysis of the power spectrum mea-

surements

CCAT (1 Khr, 2000 deg2) SUPERCCAT (100 Khr, 20,000 deg2)

survey α0 �f (10−6) α0 �f (10−6)

fix cosmo, 0.15– 0.23(0.13 – 0.29) 1.35– 4.45(0.36 – 5.8) 0.18-0.25(0.15 – 0.29) 0.34–1.17(0 – 1.58)

medsz, fg

w7, medsz, fg 0.07– 0.25 (0.015– 0.29) 0.86– 3.8 (0.2 – 5.65) 0.17– 0.27(0.12 – 0.29) 0.24– 1.41(0 – 2.12)

w7, fg 0.073-0.25 (0–0.29) 1.6– 6.2(0.32 – 8.6) 0.14-0.27(0.07 –0.29) 0.4-2.9(0 – 4.56)

w7, nofg 0.075– 0.25(0.02 – 0.29) 0.67-4.0 (0.11 – 6.2) 0.13– 0.25 (0.067 – 0.29) 0.45– 2.5(0.07–3.61)

Note. — constraints assumes other parameters are marginalized over. Different survey specs are w7= priors on the

cosmological parameters from WMAP7, fg= foreground parameters varied, nofg= foreground is known, fix cosmo=

cosmological parameters are fixed. medsz= only α0, β and �f .Monday, July 15, 2013



Constraints on the sum of the neutrino mass

pCMB

+bispectrum

pCMB+BAO+H0

+bispectrum

future adding bispectrum
->improves neutrino mass constraints by factor 
of 3 compared to WMAP alone
-> and by about 50% compared to WMAP
+BAO+H0 
-> Future: adding bispectrum can constrain 
neutrino mass with 0.06-0.1 eV accuracy.
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SPT Bispectrum Measurements 

=> SPT 3 frequency channels- 95, 150, 220 GHz
=> cover 800 sq. deg
=> detect SZ bispectrum to > 10 σ

Crawford et al, SPT team

Also , Wilson et al, ACT measure 
skewness ~5 σ 
Planck measurements of SZ 
bispectrum

9
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Fig. 3.— The six auto- and cross-spectra measured with the 3-frequency SPT data. Overplotted on the bandpowers is the best-fit model
for the fiducial set of model parameters. The bandpowers have not been corrected by the best-fit calibration or beam uncertainties in the
MCMC chains; for reference, the best-fit temperature calibration factors at 95, 150, and 220GHz are 0.999, 0.997, and 1.003 respectively.
In addition to the complete model (black lines), each individual model component is shown. The tSZ effect is marked with the blue solid
line. The best-fit kSZ power is near-zero and off-scale. The Poisson power from DSFGs and radio galaxies are shown by solid orange
and green lines respectively. The clustered component to the DSFGs is shown with a orange dot-dash line.

CSF simulation predicts 1.6 µK2. The scaling of these
models with cosmological parameters is given approxi-
mately by

DkSZ∝
�

h

0.71

�1.7 � σ8

0.80

�4.7
�

Ωb

0.044

�2.1

×
�

Ωm

0.264

�−0.4 � ns

0.96

�−0.2
. (13)

Note that, for both models, we assume that reioniza-
tion occurs instantaneously at zend = 8. Both models
also assume that Helium remains neutral; if Helium is
singly ionized at the same time as hydrogen, the pre-
dicted power would increase by 16%.

5.3.2. Kinetic Sunyaev-Zel’dovich Anisotropy from Patchy
Reionization Scenarios

For the patchy kSZ signal, we adopt the model pre-
sented by Z11 and briefly summarized here. This model
starts from a matter simulation. For every position, the
linear matter over-density is calculated within some ra-
dius. The halo collapse fraction is estimated from this
over-density, and translated into an expected number of
ionizing photons based on the number of collapsed halos
above the atomic cooling threshold mass. The number

of ionizing photons is then compared to the number of
hydrogen atoms within this sphere. If there are sufficient
ionizing photons, the sphere is labeled ionized. If not, a
smaller radius is set and the algorithm repeated until the
resolution of the simulation box is reached. The resulting
ionization field is used in conjunction with the underly-
ing density and velocity fields to compute the patchy kSZ
power spectrum.
As discussed in Z11, the detailed reionization history

used for the kSZ template is unimportant, since the tem-
plate shape is robust to the duration and the mean red-
shift of reionization. The amplitude of the patchy kSZ
signal is nearly proportional to the duration of reion-
ization (with a mild redshift dependence), making it an
excellent probe of reionization. The kSZ effect is comple-
mentary to the large scale CMB polarization anisotropy
(the reionization bump) that provides a constraint on
the global timing of reionization, and to QSO and Lyα
emitter observations that study the very end of reioniza-
tion. For the fiducial model template provided by Z11
and used in this work, reionization begins at z = 11 and
concludes at z = 8.

5.4. Cosmic Infrared Background

The CIB is produced by thermal emission from DSFGs
over a very broad range in redshift (Lagache et al. 2005;

Monday, July 15, 2013



Current SPT measurements: thermal SZ and σ8

pCMB

=> bispectrum measures σ8=0.79 +/- 0.031
=> combine the bispectrum and power spectrum measurements to individually measure tSZ and 
kSZ amplitude
=> tSZ amplitude  2.96 μk^2 +/- 0.642 (nominal) +/- 0.768 (extreme)
=> improves the tSZ amplitude by factor ~2 compared to the power spectrum only case 
(uncertainty~1.05 μk^2)

power spectrum
+bispec

thermal SZ
two theoretical 
modeling assumptions
10% (nominal) and 18% (extreme)

nominal- one that fits the X-ray 
data

extreme- one that test the 
physical boundary of our model

power spectrum changes by 
factor~4 in the extreme scenario

Crawford et al, SPT team
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Current SPT measurements: kinetic SZ

pCMB

+bispectrum

pCMB+BAO+H0

+bispectrum

power spectrum kinetic sz>0 priorneg. kinetic sz allowed

+bispec

95% upper limit for Aksz
=> power, neg. kinetic sz allowed = 6.50 μk^2
=> power+bispec, neg. kinetic sz allowed = 5.57 μk^2

=> power,  Aksz>0 prior=  6.68 μk^2
=> power+bispec,  Aksz>0 prior(nominal)= 5.59 μk^2
=> power+bispec,  Aksz>0 prior(extreme)= 5.73 μk^2
=> detect Aksz =2.9 +/- 1.5 μk^2

=>  Adding bispectrum improves upper limit of the kSZ amplitude  by ~15% and we 
start to see the peak ( Aksz > 0 prior case)

Crawford et al, SPT team

Monday, July 15, 2013



Science Cases:
• SZ bispectrum is a new (and powerful) technique to measure the 

thermal SZ amplitude

• More robust than power spectrum-> signal comes from massive 
clusters, theoretical uncertainty less compared to power 
spectrum, kSZ bispectrum is approximately 0, point sources 
bispectrum is comparable

• A combination of bispectrum+power spectrum measurement can 
improve the measurement of thermal and kinetic SZ amplitude 
individually.

• A measurement of the kSZ amplitude can provide useful insight to 
the reionization epoch.
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